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ABSTRACT 

In the recent years the need for scenarios of financial Risk Drivers simulated 

under Real World (“RW”) probability measures of has increased, driven, 

among others, by new regulations (e.g. Solvency II), materially changing 

market conditions (triggering the need for refined Strategic Asset Allocation 

studies), the development of new financial products, the introduction of new 

actuarial techniques, etc. 

While much has already been published on the development of Monte Carlo 

engines under Risk Neutral (“RN”) Assumptions (i.e. for pricing purposes), the 

literature is much less developed with regard to RW simulations. 

In this paper, we propose an overview of the usual methodological 

approaches which we consider during our consulting missions when faced 

with modeling requirements. This paper is obviously not exhaustive and 

covers, high-level, 11 typical features modelers may have to include in their 

RW simulation engines. 

While the topic is relatively technical, we have aimed at using a language as 

close to plain English as possible and to illustrate our choices with practical 

examples and intuitive interpretations so that this paper  also addresses 

questions from our readers less familiar with mathematical finance. 
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INTRODUCTION 

In the recent years the need for scenarios of financial Risk Drivers
1
 simulated under Real 

World
2
 (“RW”) probability measures of has increased materially. Take for instance the 

cases of Economic Scenario Generators (“ESG”)
3
 used by insurance companies for internal 

models under Solvency II or by many liability-driven financial institutions for the purpose of 

determining their Strategic Asset Allocations. Some Asset Managers, Private Bankers or 

Wealth Managers will use the technique to assess the adequacy of specific portfolios for 

their clients (e.g. considering their risk preferences or in the context of Financial Planning 

or Personal ALM approaches). Other applications include stochastic stress-testing, risk- or 

commercial simulations of structured financial product. 

Unfortunately most academic and professional papers discussing the topic of stochastic 

financial modelling focus on Risk Neutral
4
 (“RN”) probability measures as these underpin all 

derivatives pricing techniques which until recently were (and probably still are) the largest 

application of Monte-Carlo simulations at Financial Institutions. 

The roots of stochastic financial modelling are to be searched in the first theoretical results 

obtained by Bachelier at the very beginning of the 20
th

 century and the results obtained in 

the early seventies by Professors Black, Scholes and Merton.  

Since then, the practitioners as well as the academic world have noticed that the observed 

market quantities do not fulfill the set of assumptions that were made by the pioneers’ 

works. As a result there is not a single perfect model that would enjoy all the properties 

observed in the ‘Real World’ financial data, but a large variety of models, each of them 

being designed to address some of the numerous issues identified.  

Financial modelers therefore face many choices to achieve his task. While such issues also 

arise when considering ‘Risk Neutral’ models, when it comes to develop Real World (“RW”) 

simulation models, such choices may prove particularly critical. In practice, many models 

being often documented separately, developing such modeling choice may prove for some 

financial professionals to be a long process of literature review. 

In this Reacfin White Paper, we provide an inventory
5
 of possible modeling options given 

the RW characteristics one needs to induce in its model. Off-course the modelling methods 

we discuss here have a far wider range of usages than RW modeling only. The particularity 

of this document lies in the way it is structured, i.e. giving for different RW market 

characteristics a few routes to be considered when selecting the underpinning stochastic 

models. 

                                                           
1
 For instance Interest Rates, Inflation, Credit Spreads, Equity or Commodities Return, Real Estate incomes and 

value increases, GDP growth, etc. 
2
 Real World probability measures aim at portraying the actually observed market conditions rather than some 

which include some overall assumptions such as “Risk Neutral” probability measures (see footnote below). 
3
 For a practical example of ESG’s, see Reacfin’s on-line demo “Fortuna” freely available on 

https://reacfin.com/en/know-how-to-risk/online-economic-scenarios-generator-%E2%80%9Cesg%E2%80%9D-

demo-version  
4
 Risk Neutral probability measures assume that the value of a given asset on the market is always exactly the 

net present value of its future expected cash-flows (which may however be uncertain) discounted under a 

single risk-neutral measures (i.e. a single ‘risk-free’ interest rate curve, which in reality cannot be exactly 

observed). As a result, Risk Neutral probability measures make the assumptions that in average there is neither 

“Risk Aversion” or “Risk Appetence” on the market and that the market can be exactly modelled as an arbitrage 

free martingale (i.e. where the best estimation for the average next future value of the asset is its current 

value). 
5
 While we try to be as wide as possible it can obviously not be exhaustive. 
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1. DON’T OVERLOOK SIMPLICITY 

The first models which were introduced for stochastic simulation purposes consisted in basic Geometric 

Brownian Motions (“GBM”) of the general form: 

 

 

 

��� 		= 		�����		 + 			���
� 
Where, �� = Value of the asset �
(�) 	∼ 	�(0,1)			∀�	

μ = constant drift 	 = constant volatility (positive) 

 

These are the models we refer to as the “pioneers work” in the Introduction section. 

When developing Real-World simulation tools one should however not overlook those models. In a set of 

case they might actually prove to be the best option just because they are simple. 

Indeed, GBM prove to be some of the easier models to calibrate “intuitively” (i.e. on the basis of expert 

judgement) and when it comes to Real World simulations, for a set of assets / risk drivers that might be the 

only option you will have (for instance in the case where, for the asset class you are considering, there is no 

implied parameters nor historical data series which can be considered as a reliable proxy for the future 

evolution of the asset – think for instance at specific real-estate / infrastructure sub-asset classes). 

The advantage with GBM is that you may easily involve people with no understanding of stochastic 

processes in the calibration. 

• To determine µ just ask to a few experts what the average annual performance could be. 

• To determine σ, our experience is that one derive it by asking experts where they think in a 

80/206 rule (i.e. in 80% of the cases) the assets are most likely to be in a year (or less) of time 

(i.e. giving you the lower and upper boundary of their best-guess for an 80% confidence 

interval). 

  

                                                           
6
 We also have tried other confidence interval but that is the one which empirically seems to work best. If you go for too large confidence interval 

(e.g. 90%) experts can less rely on their day-to-day experience. 

Change in 

Asset value 

Determinist trend 

component 

Stochastic component driving the 

dispersion of Asset value changes 
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2. MEAN REVERSION 

 

For some risk drivers you may want to limit the dispersion of result over time. Indeed, for some indices such 

as interest rates, credit spreads, inflation, unemployment rates, GDP growth rates, etc. you may want to 

assume that when, in your simulations diverge too much from your long term average expectations, these 

will tend to (statistically) revert back to such long term mean. In such case it might be good to consider using 

“mean-reverting processes” (i.e. stochastic processes with mean reversion). Figure 1 illustrates the rationale 

by comparing RW simulations of 10y Euro Rates over a period of 10 years in the future with and without 

mean-reversion feature. 

 

Figure 1: Illustrating the rationale for mean-reversion in RW simulations using the free online demo of Reacfin’s ESG
7
 – Quantiles 

shown: 5%, 10%, 25%, 90% 95% 

 

From 1980 on, academics and practitioners have observed mean reversion property is the behavior of 

interest rates
8
. For this reason, a lot of models enjoying this property have been created and implemented.  

                                                           
7
 https://www.reacfin.com/en/know-how-to-risk/online-economic-scenarios-generator-%E2%80%9Cesg%E2%80%9D-demo-version  
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While for some credit spreads (highly rated assets), some mean reversion may also be observed, for lower 

rated assets, the assumption might actually prove less clear. Hence it is always important to analyze 

historical behaviors carefully. 

A process with the mean reversion property shows a tendency to go back to a fixed level, which is often 

called the target of the process
9
.  

In order to illustrate this phenomenon, let us look at the dynamics of one of the simplest financial models 

involving such a property, the Vasicek model (which is roughly inspired by the Ornstein-Uhlenbeck process 

from physics): 

 

 

 

��� 	= 			�	(� � ��)��				 + 						�
� 										, 	
where � 0 , 	 � 0 and 
 is a standard Brownian motion. 

 

The stochastic differential equation reads as follows. The return of the process � at time � is equal to a mean 

reversion term [�	(� � ��)��], plus a random innovation. The first one is the one we are interested in (as the 

second one is very standard
10

 and not related to mean reversion). If value of the process S is below the 

target �, the mean reversion term is positive, so that � goes up and tends to fill the gap between its 

preceding value and the target.  

If on the contrary the value of � is above the target �, the mean reversion term is negative and the process � 

goes down. 

 

Figure 2: Intuitive illustration of the mean reversion concept  

 

 

                                                           
9
 On this general topic, see e.g. LUTZ, B., Pricing of Derivatives on Mean-Reverting Assets, Springer, Berlin, 2010. 

10
 Similar to the GBM described in the previous section 

Time dependent 

drift term 

Volatility 

term 



 

8 | P a g e  

 
 

A Reacfin White Paper in Quantitative Finance 
 
Panorama of stochastic modeling for RW simulations in Finance 
by Dr Sébastien de Valeriola, François Ducuroir and Wim Konings 

© Reacfin – August 2018 

 
 

The parameter � is the mean reversion speed, as a high � value speeds up the tendency to fill the gap, and a 

low � value speeds it down.  

Figure 3 shows an example of this behavior. 

  

Figure 3: Example path of a mean reverting process 

 

Figure 3 also illustrates one of the key points of attention of mean reverting processes: If the mean reverting 

level [�] is set far away from spot levels (and in particular in case of large mean-reversion speed [�]), the 

attraction towards � will be so important that the path followed in the first steps of the simulation may 

become quasi deterministic as it is quasi “obliged” to revert to its mean (and thus of poor quality for Real 

World simulations).  

To address such challenge one could consider smoothing the mean reversion effect over time. For instance, 

the target parameter � can also be replaced by a non-constant function (but still deterministic) �(�), 
allowing more flexibility (but also more complexity)in the calibration step of the modelling procedure. The 

Hull & White model is based on such a mean reverting process.  
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Setting the evolution in time of �(�)is again a point of attention which can affect the quality of Real World 

simulations. At Reacfin, we have observed that a common error made by some practitioners is to calibrate 

the mean reverting levels �(�) along the forward rates. One should remember that forward rates are not 

forward-looking expectations of interest rates. They are only the levels at which one can hedge out future 

interest rates risks. 

Setting �(�) at forward rates typically creates improbable simulations (especially if long term simulations are 

ran) as any positively steeped and concave yield curve will imply massive reversion of the yield curve over 

time. In figure 4 we show the forward rates calculated for many maturities and forward start years on the 

basis of the yield curve prevailing at the early 2016. 

 

Figure 4: Example path of a mean reverting process 

 

Among the not so realistic assumptions for Real World simulations, we see from figure 4 that as of year 9 

until year 21, the 1 year rates become larger than the 20 years rate. Next to that, the decreasing rates as of 

years 9-12 could also be questioned. 

In addition to the Vasicek and Hull & White models mentioned above (which assume a normal distribution of 

the stochastic increments), let us mention two widely used models. The first one, which is named after Black 

and Karasinski, applies the Vasicek dynamics to the logarithm of the process: 

����	�� 	= �(�	 � 	���	��)��	 + 		�
� , 	
resulting in a lognormal distribution.  

As a result of the lognormality assumptions, the risk driver modelled cannot go negative, which in some 

cases may be a feature you want to include in your Real-World model. 
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The second one is the Cox-Ingersoll-Ross (CIR) model, in whose the process is governed by the equation 

��� 	= �	(� � ��)��	 + 		��� 	�
� , 	
where the mean reversion term is identical to the one involved in the Vasicek equation, but the stochastic 

term differs. The resulting distribution is a non-central �� distribution.  

There are some key consequences of using Chi-square models such as CIR or Black-Karasinski: 

- The risk driver modelled cannot go negative. 

- The models introduce a relation between the level of rates and the dispersion of stochastic 

increments: the lower the rates the lower the dispersion. That might again be a feature which you 

will observe in reality and which may thus have to be considered for Real-World simulations.  

Note that it is also possible to implement mean reverting jump process
11

. We will elaborate on jump 

processes later in this white paper. 

  

                                                           
11

 See e.g. LUTZ, B., op. cit., Chapter 5. 
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3. ASYMMETRY OF RETURNS 

 

Asymmetry of the log-return distribution is a phenomenon commonly observed from market data
12

. It arises 

when the underlying probability law is higher for up moves than for down moves.  

For instance if we consider the daily returns of the Eurostoxx50 Net Return index on the 30 years period 

from 1986
13

 to 2015 (see figure 5), we can compute that the frequency of upward movements amounted to 

53% (vs. obviously 47% for downward movements), giving the distribution of returns its particular 

asymmetrical shape: 

 

Figure 5: Distribution of the daily returns of the Eurostoxx Net Return Index compared to a theoretical Normal distribution with same 

expectation and standard deviation 

Important: Note that, for didactical purposes, we zoom on the [-6%;6%] interval of returns . It enables to better visualize the 

asymmetrical characteristics of the distribution. However, such zoom does not provide a full view of the “observed distribution of 

returns”. A limited number of observations indeed lie beyond such boundaries. 

 

Asymmetry can be traced by observing the data’s skewness. For a random variable �, this quantity is defined 

as  

��� !�""	(�) = # $%� � �	 &'(, 
where � and 	 are the mean and standard deviation of �. In most cases (although this statement is false in 

general), a positively skewed distribution is such that its mean is less than its median, while the contrary 

holds for a negatively skewed distribution. The skewness of a normally distributed variable is equal to 0, and 

this value is generally used as a benchmark. Figure 6 shows a comparison between a positively skewed 

distribution and a negatively skewed distribution. 

 

                                                           
12

 See for example Hong, Y., Tu, J. and Zhou, G., Asymmetries in Stock Returns: Statistical Tests and Economic Evaluation, Review of Financial Studies, 

20:5 (2006), p. 1547-1581, and the references therein. 

13
 As backwardly recalculated by STOXX Ltd, since the index itself was only officially introduced in 1990. 
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Figure 6: Positive and negative skewness 

 

The classical Black-Scholes model, as it involves a log-normal process which has normal – and thus 

symmetrical – returns. However, many other types of process enjoy asymmetry.  

 

Most of the models with a stand-alone stochastic volatility process lead to skewed processes. For example, a 

standard Heston model produces asymmetry
14

. 

  

                                                           
14

 Dragulescu, A. A., and Yakovenko, V. M., Probability distribution of returns in the Heston model with stochastic volatility, Quantitative Finance, 2:6 

(2002), p. 443-453. 
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Let us remind that a Heston Model is a stochastic volatility model typically used to model Equities or 

currencies exchange rates, under which the variance (i.e. the square of volatility), follows a Cox-Ingersoll-

Ross type of process: mean-reverting with Chi-square distribution of the stochastic increments) and where 

the stochastic increment driving the stock price changes is (negatively) correlated with that driving the 

evolution of the variance: 

��� = ������ + �)����
* 

With,   dV- = �λ(V- � V/)dt + σ�V-dW� 

And,   cov(dW*dW�) = ρdt 
Where, �� = spot process )� = variance process �� = drift of spot process )7  = long term variance λ = mean reversion rate of variance process 	 = volatility of variance process 8 = correlation between �
* and �
� 

 

The symmetry break is linked to the correlation parameter 8: the closer to �1 it is, the more asymmetrical 

are the returns.  

Another method to put skewness in the returns is to add asymmetrical jumps in the process. As will be made 

clear in the following, using e.g. a compound Poisson process with a skewed distribution achieves this goal. 

The typical example here being Merton Processes which can be summarized as follows: 

��� = ������ + 	���
� + ��9� 
 With,    prob(dq- = 1) = λdt 

And,   ln(1 + k)~N(lnC1 + k7D � 0.5δ�, δ�) 
Where,  �� = spot process �9� = jump process with random jump size k �� = drift of spot process 	 = constant volatility λ = jump intensity H = variance of the random jump size �7 = average of the random jump size 
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Obviously, a possible approach is then to combine both the stochastic volatility features of Heston models 

with the asymmetrical jumps of the Merton model, which results in the Bates Model. 

��� = (�� � λ�7)���� + �)����
* + ��9 

�)� = �I()� � )7)�� + 	�)��
� 

J�K(�
*�
�) = 8�� 
LM�N(�9� = 1) = λ�� 

�!(1 + �)~�ClnC1 + �7D � 0.5H�, H�D, 
using the same notations as for the Heston- and Merton models above. 

 

4. FAT TAILS OF RETURNS 

“Fat tails” is the expression used to characterize distributions such that “extreme events” occur more 

frequently than for the normal distribution.  

We illustrate this Real World characteristic in in figure 7 by presenting the quantile-quantile plot (a.k.a. (“Q-

Q Plot”) of Bel20
15

 returns vs. theoretical returns generated by an Normal distribution of same expected 

value and standard deviation. One can see that for the most extreme returns, the assumption of a linear 1-

for-1 relation between theoretical Normal distribution and Real World observed distributions (actually 

frequencies) does not hold. 

 

Figure 7: the Q-Q plot of Bel20 returns vs. theoretical Normal distribution with same expected value and standard deviation 

 

                                                           
15

 The Bel20 is the Belgian large caps equity index. 
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This will be of particular importance if you need to use your Real World for a purpose that focusses on most 

extreme movements (which is typical of Risk Management models or of Capital Assessment models such as 

those used for Solvency II purposes by European Insurance companies). 

“Fat tails”-ness can be traced by observing the data’s kurtosis. For a random variable �, this quantity is 

defined as  

OPM��"Q"	(�) = # $%� � �	 &R(, 
 where � and 	 are the mean and standard deviation of �. A normally distributed variable has a kurtosis 

equal to 3.  

As the normal distribution is generally used as a benchmark, one often handles the excess kurtosis, which is 

defined as  

#SJ�""	OPM��"Q"	(�) = OPM��"Q"	(�) � 3. 
 

A few definitions are worthy here. A distribution is mesokurtic is it has 0 excess kurtosis, platykurtic if it has 

negative excess kurtosis and leptokurtic if it has positive excess kurtosis.  

“Fat tail”-ness is among the first characteristics observed in market data that were not consistent
16

 with the 

classical model assumptions (like the Black-Scholes model).  

This distribution property is sometimes characterized by the behavior of the density decrease. For example, 

Pareto distribution has polynomially decreasing density and is therefore widely used in insurance models for 

claims severity.  

Another common distribution considered in ESGs to account for fat-tails are student distributions with low 

degrees of freedom. 

Next to that numerous types of process enjoy this property.  

 

 

PRACTICAL TIP: 

The Cullen and Frey graph, not as well-known as it deserves, is a nice tool which allows picturing the 

distribution of some dataset in comparison with several theoretical distributions. We illustrate it with the 

following charts (see figure 8). 

 

                                                           
16

 See for instance “The Variation of Certain Speculative Prices”, Benoît Mandelbrot, The Journal of Business, Oct. 1963, vol. 36, No. 4, pp 394-419, 

The University of Chicago Press 
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Figure 8: Cullen-Frey graph, comparing the empirical distribution of some dataset  

to theoretical distributions using the kurtosis and skewness. 
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5. FAT LEGS OF RETURNS 

“Fat legs”-ness is another type of distribution deviation from the normal distribution. While “fat tails”-ness is 

about the size of the tails themselves, “Fat legs”-ness is about the region between the density function 

maximum and the tails. Figure 9 shows the difference between a normal distribution, a fat-tail distribution 

and a fat-leg distribution.  

To our best knowledge, this property is rarely considered in the stochastic processes generally used for 

financial modelling. Distributions as the logistic one, which is pictured in red on Figure 9, or the semicircular 

one are sometimes used in some actuarial models (typically for the claims severity).  

 

Figure 9: Comparison between normal, fat-tails and fat-legs distributions 

 

Note that limited material has been published on this matter and we actually introduce in the paper the 

terms “Fat Legs” to link the concept with that of the better-known “Fat Tails”.  

So why is it important to be able to model “Fat Legs” in real world simulations? Our experience is that by 

considering the Kurtosis only (i.e. “Fat Tails”) one either obtains to few (when legs are considered “ slim” by 

market experts) or too many (when legs are considered “fat” market experts) extreme returns. To cope with 

such challenges the alternative distributions proposed (e.g. logistic, semicircular wrapped Cauchy, etc.) 

above may prove worth being considered (depending on the purpose for which the simulations will be used).   
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6. SIGN PROPERTIES 

 

6.1 Non-negative values 

 

For a lot of financial quantities, it seems natural that the observed values remain non-negative. The 

examples are numerous; among them we can mention stock or bond prices: it would not be meaningful to 

get negative prices for such instruments. 

A common way to transform a simple model resulting in normal processes into another model producing 

positive processes is imposing log-normality to them. As a very simple example of this conversion, consider 

the normal Bachelier model and its lognormal version, the Black-Scholes model: 

��� = �	�� + 		�
� 								⟹ 									��� = �	��	�� + 		��	�
�. 
Another such example is the couple of models formed by the Vasicek and the Black-Karasinski models which 

we elaborated upon previously in this Reacfin White Paper.  

Other positive distributions exist of course. 

 Let us first remind the Cox-Ingersoll-Ross process (already mentioned above), and of its generalization, the 

Constant Variance Elasticity (CEV) model process, whose dynamics is given by 

��� 	= 	 ��	�	��	 +	��V			�
� ,	
where I � 0. 

 

The SABR process, which is a modification of the CEV process (a stochastic volatility has been incorporated), 

is also non-negative. Its dynamics is given by 

WdS- 	= 	σ-	S-YdW-d	- 	= α	σ-	dZ- , 
where \	 ≥ 0 and 0	 ≤ 	_	 ≤ 	1 are real parameters and 
 and ` are standard Brownian motions with 

correlation �1	 ≤ 8	 ≤ 1. 
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6.2 Absorbing capacity of 0 

 

For some non-negative processes, the limit value 0 is an absorbing value, i.e. when the process reaches 0, it 

is killed and does not take positive values anymore. In the contrary situation, 0 is often called a transient 

value.  

Figure 10 depicts the difference between these two concepts.  

 

 

Figure 10: Difference between absorbing and transient values 

 

For � � 0, 0 is a transient value for the CIR process. An interesting feature of the CEV process is that 

different values of I yield different behaviors with respect to zero values. For 
*� ≤ I a 1, the zero value is 

absorbing, but for I a *�, it is a transient value.  
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6.3 Positive values 

 

For some applications, it can be necessary to impose that the process never reaches 0.  

It is of course the case of lognormal processes, because they can be seen as the exponential of normal 

random variables (and the exponential function is positive on its whole domain).  

The Cox-Ingersoll-Ross process (already mentioned above) also enjoys this property if and only if the 

following inequality holds: 

2	�	� � 	�. 
 

 

6.4 Positive and negative values 

 

Not all the actuarial, financial and econometric variables remain positive over time. First we can easily think 

about quantities for which negative values are natural, such as inflation or best rated sovereign credit 

spread. Second, it should be reminded that negative values have been observed for some quantities, which 

were thought as always-positive ones. Two examples of these kinds of variables are interest rates and power 

prices. Non-positivity for stochastic processes is therefore not always considered as a flaw for a model, and 

practitioners and academics have shown a great interest for them. 

The first class of process to come into mind when considering sign-changes is the normal one. We have 

already presented some of them in the previous sections. However, they are usually not complex enough to 

capture all the properties observed on the market.  

For this reason, more complex models with positive values have been transformed in order to take negative 

values. The shifted SABR process is the solution of the following equation: 

cdS- 	= σ-	(�� + ")ddW-d	- 	= α	σ-	dZ-																, 
where " denotes the shift value, so that – " is the minimum value the process � can take. 

Another modification of the SABR process exists, the Free Boundary SABR process. Its definition is rather 

technical, so we do not insert it here, but rather refer to the previous Reacfin White Paper on this topic
17

. 

 

 

                                                           
17

 DE VALERIOLA, S., DUCUROIR, F. AND KONINGS, W., Modelling negative interest rates with Free Boundaries SABR, Reacfin papers, 6 (2015). 
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7. JUMPS 

 

The general context of jump processes is the Lévy framework. According to the Lévy-Itô decomposition 

theorem, every Lévy process can be decomposed in the sum of a jump diffusion process and a pure jump 

process
18

.  

On one hand, the jump diffusion processes are equal to a classical diffusion process (which is defined by a 

diffusion stochastic differential equation, but we can think about it as a standard Brownian motion for the 

sake of simplicity), plus a compound Poisson process. This latter is built using two types of stochastic 

processes: a Poisson process indicating when the process jumps, and a random variable indicating how high 

each jump is.  

Among many others, let us mention the pioneer work of Merton (see the “Merton Model” presented above), 

where a Poisson process is added to the standard Black-Scholes model in order to correct it
19

. The 

corresponding distribution densities (which heavily depend on the chosen jump size distribution) are not 

known in closed form, but the simulations and associated computations are generally easy to perform.  

Jump diffusion processes are typically easier to handle than pure jump processes, and are a good choice if 

the data only rather rarely jump. A simple dependence structure can be implemented through the Brownian 

motion (using standard correlation), but it remains difficult to apply a dependence structure to the Poisson 

jumps.  

On the other hand, the pure jump processes allow implementing more complex and general jump behaviors. 

Among them, let us mention Gamma processes, Inverse Gaussian processes, Tempered stable processes, 

Variance Gamma processes, etc. Although the distribution densities are known in closed form for some 

particular cases, the simulation and associated computations are generally rather heavy to perform. On the 

dependence side, it should be noted that the dependence concept which suits this process class is the Lévy 

copula (a generalization of standard copula), whose calibration remains a challenge for the academic world.  

This kind of processes is a good choice if the data only move by jumps, so that the corresponding class of 

models is called infinite activity models.  

Note that jump diffusion processes can be used as good approximations for infinite activity processes.  

It should be noted that no dependence can be imposed between a Brownian motion and a jump process, so 

that e.g. the correlation between two jump diffusion processes only consists in correlation between the 

diffusion components and correlation between the jump components, but no “cross-dependence”. 

 

 

 

                                                           
18

 For jump processes in general, see for example CONT, R. AND TANKOV, P., Financial modelling with jump processes, Chapman & Hall, New York, 2004. 
19

 MERTON, R., Option pricing when underlying stock returns are discontinuous, J. Financial Economics, 3 (1976), p. 125–144. 
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8. STANDALONE STOCHASTIC VOLATILITY 

 

As non-stationary volatility (i.e. volatility changing over time) is a phenomenon commonly observed on the 

financial markets, efforts have been made to take this characteristics into account. One solution is to model 

the volatility as a stand-alone process. In the early 1990, Heston
20

 has introduced this kind of model, where 

the volatility is a CIR process:   

WdS- =	S-μ	dt	 +	S��	�	dW-												dσ- 	= κ	(θ � σ-)	dt	 + ξ	�	�	dZ- , 
where �, � � 0, � � 0 and j � 0 are real parameters and 
 and ` are standard Brownian motions with 

correlation �1	 ≤ 	8	 ≤ 	1. The choice for the CIR process is understandable, as it is non-negative, which is of 

course a necessary condition for volatility. We elaborated already on the Heston Model in the sections 

above. 

The SABR model (already mentioned above) belongs to this class. In this case, the volatility is modeled as a 

geometric Brownian motion.  

A common issue of this class of models is the calibration of the parameters linked to the volatility. Among 

them, the correlation between the process itself and the volatility process is really difficult to calibrate.  

  

                                                           
20

 HESTON, S. L., A Closed-Form Solution for Options with Stochastic Volatility with Applications to Bond and Currency Options, The Review of Financial 

Studies, 6:2 (1993), p. 327–343. 
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9. REGIME SWITCHING 

 

It has been widely observed that the parameters of financial variables tend to change over time. This issue 

causes many models deficiencies. In a seminal paper
21

, Hamilton has suggested that Markov switching 

techniques could be an efficient way of dealing with non-stationary time series. This idea can be summarized 

as the assumption that the market can change of state (or regime) with time varying. We thus consider a 

financial market with � possible different states, represented by � different sets of parameters.  

This approach has been extended, and a common approach to implement this framework is the Markov 

Switching Geometric Brownian Motion (MSGBM). For the sake of clarity, let us say that the market can have 

two regimes: a bullish one (up-trend) and a bearish one (down-trend). We then obtain the following 

dynamics: 

��� = �(��)	��	�� + 	(��)	��	�
� 	, 
where 
 is a standard Brownian motion, � is a stochastic process

22
 representing the current state of the 

market (i.e. ��can take only two values, �k and �l, corresponding to the up-trend and down-trend states of 

the market) and 

�(��) = 	 c�k						Qm					�� = �k�l 						Qm					�� = �l , 
	(��) = 	 c	k						Qm					�� = �k	l 						Qm					�� = �l , 

where �k, �l, 	k � 0 and 	l>0 are real fixed parameters. Conditionally to the value of the process �, the 

process � is thus a standard Geometric Brownian Motion. 

A very nice feature of this rather exotic model is that, under mild assumptions on the process �, some 

statistical, probabilistic and financial tools are available and easily computed.  

We illustrate the results of Regime Switching features with figure 11 hereafter. 

 

 

 

 

                                                           
21

 HAMILTON, J.D., A New Approach to The Economic Analysis of Nonstationary Time Series and the Business Cycle, Econometrica, 57 (1989), p. 357-

384. 
22

 To be fully precise, one needs � to be a homogeneous continuous-time Markov process. 
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Figure 11: Simulated path of a Markov switching geometric Brownian motion with two states 

 

Another typical example used for Real-World simulation of interest rates is the following model: 

�M� = �	M�	�� + 	M�n	�
� 	 
Where 

\ = 0.5		Qm		M� a	o* 

\ = 0	Qm	o* a	M� a	o� 

\ = 1	Qm		M� �	o� 

or a mean reverting variation such as (with � the mean reversion level and κ the mean-reversion speed):	�M� = κ	(θ � r-)�� + 	M�n	�
� 
 

 

 

 

 



 

25 | P a g e   

 
 

A Reacfin White Paper in Quantitative Finance 
 
Panorama of stochastic modeling for RW simulations in Finance 
by Dr Sébastien de Valeriola, François Ducuroir and Wim Konings 

© Reacfin – August 2018 

 
 

 

For rationale and empirical evidences see for instance the 2010 paper by N. de Guillaume, R.Rebonato & al.
23

 

of which we extract figure 12 hereafter. 

 

 

  

 

Figure 12: Realised volatility versus average  yields - extracted from 2010 paper by N. de Guillaume, R.Rebonato & al.
23

 

 

 

Depending on the levels of some risk drivers on Financial Markets (e.g. interest rates), the volatility regime 

seem to be different. 

  

                                                           
23

 “The Nature of the Dependence of Magnitude of Rate Moves on the Rates Levels: A Universal Relationship”, Nick de Guillaume, Riccardo 

Rebonato, Andrei Pogudin RBS, Oxford University, Imperial College, November 5, 2010, available online at the time of writing on 

https://www.researchgate.net/profile/Riccardo_Rebonato/publication/262904088_The_nature_of_the_dependence_of_the_magnitude_of_rate_m

oves_on_the_rates_levels_A_universal_relationship/links/54b796cf0cf2e68eb2802b8a/The-nature-of-the-dependence-of-the-magnitude-of-rate-

moves-on-the-rates-levels-A-universal-relationship.pdf  

Quarterly Level of UK Consol (Long-term bonds) Yields (period 1835-2010) 

s
ta
n
d
a
rd
 d
e
v
ia
ti
o
n
 o
f 
th
e
 U
K
 C
o
n
s
o
l 
y
ie
ld
s

 



 

26 | P a g e  

 
 

A Reacfin White Paper in Quantitative Finance 
 
Panorama of stochastic modeling for RW simulations in Finance 
by Dr Sébastien de Valeriola, François Ducuroir and Wim Konings 

© Reacfin – August 2018 

 
 

 

10. INTER-RELATION BETWEEN THE PROCESS VALUE AND ITS VOLATILITY 

 

In the frameworks where volatility is stochastic, it is interesting to investigate the relationship between 

volatility and the process itself.  

In a classical lognormal process, the volatility depends linearly on the process itself. Note that in this case, 

the volatility is not stochastic anymore if we consider log-returns instead of arithmetic returns: 

��� 	= 	 �� 	�	��	 +	��			�
� 					⟹				 ����� = d(log ��) 	= 	�	��	 + 			�
�.	
Of course many processes show more complex such relationships. We have already investigated two great 

examples in preceding sections, when we have presented standalone stochastic volatility and regime 

switching processes.  

Another very good example is the CEV process, whose major advantage is its flexibility with respect to this 

property. The parameter I controls the relationship between volatility and price, and is the central feature 

of the model: 

����� 	= �	��	 +	��Vq*		�
�.	
When	I a 1 we see the so-called leverage effect, commonly observed in equity markets, where the volatility 

of a stock increases as its price falls. Conversely, in commodity markets, we often observe I � 1, the so-

called inverse leverage effect, whereby the volatility of the price of a commodity tends to increase as its price 

increases
24

. 

  

                                                           
24

 See e.g. EMANUEL, D.C., AND MACBETH, J.D. , Further Results of the Constant Elasticity of Variance Call Option Pricing Model, Journal of Financial and 

Quantitative Analysis, 4 (1982), p. 533–553 and GEMAN, H, AND SHIH, Y., Modeling Commodity Prices under the CEV Model, The Journal of Alternative 

Investments, 11:3 (2009), p. 65–84. 
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11. DEPENDENCE STRUCTURE 

 

The dependence between financial quantities is a real issue for the modeler. A large number of very complex 

processes are easy to implement, rather easy to calibrate, but are very rarely used by practitioners because 

of the difficulty of implementing a proper dependence structure with other modeled quantities.  

The standard Pearson correlation is only applied when dealing with processes built using normally 

distributed variables. For example, it is possible to impose a correlation between a geometric Brownian 

motion and a CIR process (although their distributions are significantly different) using the normal 

increments appearing in the dynamics of both processes: 

corr(�
� , �`�) = 8					 ⟹						
rst
su�
� 	= 	 ���		�� �	

�		 	��														
�`� =	 �v�j�v� �	

�(� � v�)��j�v�
								⟹					 W ��� 	= 	 �� 	�	��	 +	��			�
�						�v� = �(� � v�)�� + j�v��`� 				 

The Pearson correlation is a poor concept of dependence, covering only linear dependence between 

variables
25

 as illustrated in figure 13.  

 

Figure 13: Plots of 2 random variable whose interdependency is solely governed by Pearson correlation (ρ) 

 

However, the implementation of other types of dependence structure is often more complex and less 

reliable.  

Another family of dependence structure is given by the copulas
26

. More flexible, they allow implementing a 

very large range of dependence behaviors, as well between two processes or between many more processes 

(using in this latter case a generalization of the concept, known as C-Vine and D-Vine copulas).  

  

                                                           
25

 ALBANESE, C., LI, D., LOBACHEVSKIY, E., AND MEISSNER, G., A Comparative Analysis of Correlation Approaches in Finance, Journal of Derivatives, 21:2 

(2013), p. 42-66. 
26

 On this general topic, see e.g. NELSEN, R., An introduction to copulas, Springer, New York, 2006. 
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For our less technical readers, Copulas are typically useful to model some characteristics of Real-World 

dependencies such as variable correlation environment, “flight to quality” behaviors (in times of crisis when 

some securities start to perform badly, the market splits into two categories of increasingly correlated 

assets: those – possibly the majority - performing badly and those, seen as safe-haven, performing 

particularly well), etc. 

To illustrate the concept of Copulas figure 14 presents the plot of 2 random variables (like we had done 

above for Pearson Correlation) when they are governed by some copula’s typically considered by financial 

models. 

 

Figure 14: Plots of 2 random variable whose interdependency is governed different copula’s 

 

The calibration of copulas needs however a large set of realizations of the same couple (or !-uple) of 

random variables. Such an historical dataset is often not available for financial quantities
27

 which means that 

their practical deployment is often challenging or requires assumptions which are difficult to calibrate based 

on expert judgements. 

Moreover, it is important to insist here on an already mentioned result concerning jump processes: no 

dependence structure exists between diffusion processes and jump processes; such a pair is always 

independent.  

 

 

 

  

                                                           
27

 The historical dataset of a stochastic process is in fact only one realization of a random variable which in general is not stationary. In some cases, it 

is however possible to extract from one such historical scenario another process (e.g. the increments of the financial quantity) which is stationary. 

Copulas can then be applied to this second process.  
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REACFIN’S SERVICES IN STOCHASTIC FINANCE AND IN THE DEVELOPMENT OF REAL WORLD ESGS 

 

Reacfin is a consulting firm specialized in Risk Management, Actuarial Science, Portfolio Modeling, Data 

Science and Quantitative Finance. Our core 

business is to support financial institutions in 

the development, the implementation and 

the validation of their new models. 

With this White Paper we aim at illustrating 

our structured approach to the development 

and calibration of simulation models. We 

indeed very regularly perform mission, 

among others, related to: 

- Strategic Asset Allocation  

- IFRS 9 models accounting for 

forward-looking Credit Losses 

- Business simulations 

- The development of derivatives 

pricing tools or of actuarial models 

- The development of Real World and Risk Neutral Economic Scenario Generators 

- Pilar 2 models & risk appetite definitions (e.g. ORSA models under Solvency II) 

- Etc. 

 

Examples of tool we develop and which you can test online are for instance  

- Fortuna (our simplified Economic Scenario Generator) 

- Reacfin’s Business Projection Dashboard 

- Reacfin’s Financial Planner 

- Providentia (our Non-Life ORSA toolkit) 

- Thanatos (our stochastic generator of prospective Mortality tables) 

All of which are available, free of charge, in the “OnlineApp” section of www.reacfin.com  
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ABOUT REACFIN 

 

 

 

  

� Implementation/calibration of stochastic models

� Pricing of financial instruments 

� Development of AM & ALM models

� Design/review/implementation of systematic trading  & hedging 

strategies

Risk & Portfolio Management Insurance specialties

� Pricing , product development & reserving

� Dynamic Financial Analysis (DFA) 

� Capital Requirement optimization

� Business valuation support

� Actuarial function report or outsourcing

� Implementation or review of reserving methodologies

� Development of innovative pricing methodologies and tools

� Valuation & profitability analysis models

� Risk mitigation optimization

� Business valuation , capital management and actuarial function 

support

ALM, Portfolio Management & Quantitative Finance Life, Health and Pension

� Strategic opportunities assessment and business valuations

� Industrialization of processes, organizational optimization & 

change management

� Business intelligence, benchmarking & surveys

� Internal &  regulatory reporting (KRI’s & KPI’s dashboards)

� Validations, model review frameworks and model documentation

Risk & Finance Solutions (Strategy, Organization & Operations)

Data Science

� Machine learning models and processes robotization

� Text mining solutions and qualitative financial environment analysis

� Data visualization (dynamic dashboards, automated reports,, etc.)

� Creation of structured dataset thanks to scraping methodologies

Non-Life

We organize our consulting services along the following 5 centers of excellence
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Balanced and 

pragmatic 

approach

No black box 

Solutions

Documentation, 

coaching & 

training

� Client-centric solutions focussed on deliverables

� Respecting the principle of proportionality

� Cost efficient within tight pre-agreed budgets

� Hands-on implementation tested for 
real-life conditions

� Open source solutions on request

� Close cooperation with our clients

� Clear &  comprehensive documentation compliant existing or upcoming regulation

� Adapted trainings at all levels of the organisation

� Coaching support for implementation and operationnalisation of processes

Clearly structured 

processes

� Lean & efficient tailored project management

� Regular progress reviews

� Agile approach to adapt to the evolving needs of our clients

State of the art 

technical skills

� Expertise in most advanced quantitative modelling & academic excellence of a spin-off

� All our consultants hold multiple masters or Phd.

� Best-in-class qualitative risk management leveraging on highly experienced senior consultants

We deploy material efforts at ensuring that Reacfin deliverables systematically have the following characteristics:

Reacfin’s management puts great emphasis at sharing and embedding our driving values within the company :

Excellence Innovation Integrity Solution-Driven Reliability

our 
outstandingoutstandingoutstandingoutstanding

feature

our  
founding founding founding founding 
ambition

our 
everyeveryeveryevery----daydaydayday

commitment

our 
primaryprimaryprimaryprimary
focus

our 
deliverablesdeliverablesdeliverablesdeliverables
characteristic

We attract the best 

people

We develop their skills 

and career through 

diversified missions and 

rigorous knowledge 

management

We go the extra-mile to 

deliver the best quality in 

our work & services

By acting as a bridge 

linking academic 

excellence with best 

market practices, we 

select the latest 

research that best 

serves our clients

Through out of the box 

thinking, we apply  

state-of-the-art 

techniques that offer 

our clients pragmatic 

added-value solutions

We put work ethics, 

client's best interest 

and confidentiality as 

the foundation of our 

work

We commit at 

promoting the greatest 

transparency and 

knowledge sharing in 

all our clients’ 

solutions

We are dedicated at 

clearly understanding 

the needs of our 

clients

We deliver solutions 

that produce 

measurable value 

Our deliverables are 

tailored and actionable 

solutions  to our 

clients’ challenges

We develop 

sustainable 

partnerships with our 

clients

We never compromise 

on our commitments 

including level of 

quality, budgets & 

deadlines

All our deliverables are 

designed, developed 

and tested to last over 

time with constant 

efficiency
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SOME EXAMPLES OF RECENT REACFIN CONSULTING MISSIONS 

 

Strategic Asset Allocation for Bank & Insurance group  

  

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

  

• European Retail Bank with material insurance 

activities 

• Aims at optimizing its asset allocation for 

both banking and insurance businesses 

• Conservative risk profile materially 

constrained by board defined Risk Appetite 

• Current allocation materially concentrates 

the portfolio in local Govies 

Client Situation 

• Strong ‘natural’ unbalance between 

assets and liabilities durations 

• Limited excess capital available 

• Regulatory, accounting and Risk 

Management constraints 

• Limited view on non-Govies asset 

classes & peers practices 

Issues 

Reacfin’s Contribution 

• Exhaustive mapping and categorization of 

investable asset classes (using a benchmark 

based approach)  

• Robust methodology for Risk, Returns & 

Correlations calibration 

• Peers benchmarking through tailored surveys 

• Modeling of portfolio dynamics under 

constraints of Capital consumption (both 

Basel II/III and Solvency II), Liquidity 

requirements, Accounting volatility, etc. 

• Optimization both in Value & for NII  for 

businesses independently and at bank-

insurance group level 

• Robust target model portfolio’s for 

bank and insurance along 4 key 

dimensions (Asset types, Maturities, 

Ratings and Sectors) 

• Proposal for rationale reinvestment 

rules depending on prevailing market 

conditions 

• Introduction of new asset classes  

• Improved NII, expected Total Return 

and  Sharpe Ratio 

• Asset allocation tool in R and in Excel 

Results 
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Replicating portfolio models to assess interest rate risk of on-sight deposits  

  

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

  

• European Bank-Insurance company 

• Strong foothold in several countries 

• Recent increase in retail business  

• Competitive pressure on deposit rates 

• Pressure from several local regulators to 

improve the modeling and hedging of non-

maturing liabilities 

Client Situation 

• Duration assumptions constraints 

imposed by local regulator in some 

jurisdictions 

• Legacy model and related hedge  

• Existing central software to be 

interfaced for FTP & NII calculation 

purposes 

Issues 

Reacfin’s Contribution 

• Review of hedging techniques in place 

• Split saving accounts model points in 

homogenous product categories for hedging 

purposes 

• Forward looking simulations under RW 

assumptions (incl. behavioral models for 

clients and competitors 

• Development of fully automated replicator 

model  simulating ALM investment processes 

• Automated interface with the existing 

models 

• Improved NII margin through 

improved hedging strategy 

• Automated tool enabling the 

simulation both ‘buy & hold’ 

investment strategies as well as 

constant duration rebalancing 

strategies 

• Risk control & monitoring tools 

Results 
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