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ABSTRACT 

In Basel 3, a bank that intends to use an internal models approach (IMA) must 

conduct, among other requirements, some backtesting. The new standards for 

the minimum capital requirements for market risk, adopted in 2016 and revised 

in 2019, introduce a shift from a Value-at-Risk (VaR) measure to an Expected 

Shortfall (ES) measure. This shift brings some challenges regarding the 

(comparative) backtesting of the IMA. 

In this White Paper, we propose a review of the literature regarding the 

comparative backtesting of the VaR and ES measures, and highlight a method 

relying on the concept of elicitability for the backtesting of the ES.  
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INTRODUCTION 

 

For a bank or an insurance company, one important task consists 
in assessing the risk taken by the company. This can be achieved 
by means of a risk measure. A risk measure attempts to associate 
a single number to a risk born by the company in order to 
measure its riskiness. Comparing the risk taken by different 
companies then amounts to compare those different numbers. 
The choice of an appropriate risk measure is then crucial. 

A usual choice is the Value-at-Risk (VaR) measure. In the 
European insurance sector, this measure is the one at the core of 
the computation of the Solvency Capital Requirement (SCR) under 
Solvency II1. 

For banks, this measure has been introduced in the Basel 
Capital Accord (Basel 1) in 1996 for the computation of the market 
risk in internal models2. However, following the financial crisis of 
2007-09, it appeared that risk measurement methodologies to 
determine market risk capital requirements were insufficient3. In 
particular, a well-known drawback of the VaR is that it does not 
allow to capture the “tail-risk” of the loss distribution. In 2013, 
among other enhancements to the Basel 3 accord, it has been 
proposed by the Basel Committee to shift from the VaR to the 
Expected Shortfall (ES) measure for the internal models approach 
(IMA)4. This particular improvement is now part of the new 
standards for the minimum capital requirements for market risk5. 

While the move from the VaR to the ES allows to tackle 
some deficiencies of the VaR, such as the coherence property 
([Artzner et al. 1999]) and the ability to look at the tail-risk of the 
loss distribution, the ES also brings some new challenges 
regarding the (comparative) backtesting, which is the purpose of 
this paper. We propose here a review of the recent literature 

                                                           
1 Directive 2009/138/EC of the European Parliament and of the Council of 25 November 

2009 on the taking-up and pursuit of the business of Insurance and Reinsurance 
(Solvency II). 
2 Basel Committee on Banking Supervision, Amendment to the Capital Accord to 

incorporate market risks, 1996. 
3 Basel Committee on Banking Supervision, Explanatory note on the minimum capital 

requirements for market risk, 2019. 
4 Basel Committee on Banking Supervision, Fundamental Review of the Trading Book: A 

Revised Market Risk Framework, Consultative Document, 2013. 
5 Basel Committee on Banking Supervision, Minimum capital requirements for market risk, 

2016, superseded by Basel Committee on Banking Supervision, Minimum capital 
requirements for market risk, 2019. 
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regarding the comparative backtesting of the ES and highlight a 
method that a bank could implement in addition to the one 
proposed by the Basel Committee. 

The structure of the paper is as follows. In Section 1, we 
recall the definition of the VaR and ES measures, and we illustrate 
those risk measures with a simple example. 

In Section 2, we introduce the concept of comparative 
backtesting and we present the notion of elicitability in Section 3. 

Section 4 is dedicated to the comparative backtesting of 
the VaR and ES. We then consider a practical application of the 
elicitability with the three-zone approach in Section 5 and we 
present a case study in Section 6. 

Finally, in Section 7, we conclude this paper by giving a 
few hints on how Reacfin can help its clients regarding the 
comparative backtesting of the ES. 
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1. VALUE-AT-RISK AND EXPECTED SHORTFALL 

One of the most well-known risk measures is certainly the Value-at-Risk (VaR). Let 𝑌 be a 
random variable, which models gains and losses. We adopt the convention that 𝑌 is positive 
for gains and negative for losses6. Given a level7 𝛼, we define the VaR of 𝑌 as the smallest 
amount such that the probability that 𝑌 is smaller than this amount is at least 1 − 𝛼. More 

formally, the VaR at a level 𝛼 of a random variable 𝑌 is defined as the (1 − 𝛼)-quantile of 𝑌, 
i.e. 

VaR𝛼(𝑌) = inf{𝑥 ∈ ℝ |  Prob(𝑌 ≤  𝑥) ≥ 1 − 𝛼}. 

In order to illustrate this mathematical concept, we consider the daily log-returns of 
the Russell 2000 Index between 23/03/2009 and 20/03/2019 (Figure 1(a)). We denote by 𝑌 
the random variable that describes the log-returns of the index. We fit on those returns a 
(generalised) Student’s t distribution (Figure 1(b)), and we compute the VaR at level 99%8. 

 

 
(a) 

 
(b) 

Figure 1 

 

We obtain that VaR99%(𝑌) ≈  −3.6%, which means that the log-return of the index can be 
smaller than -3.6% is 1% of cases. However, it does not tell us anything about the possible 
values of the index in the worst 1% of cases (we only know that the value will be less 
than -3.6%). 

In order to circumvent this problem, the Basel Committee suggested an 
enhancement in Basel III with a shift from a VaR to an Expected Shortfall (ES). The ES at a 
particular level is the expected value of the random variable given that it is smaller than the 
corresponding VaR. More precisely, the ES at a level 𝛼 of a random variable 𝑌 is defined as 

ES𝛼(𝑌) =  𝔼[𝑌 |𝑌 <  VaR𝛼(𝑌)]. 

The level proposed in Basel III is set to 97.5%. Following the Russell 2000 Index example with 
the t distribution, we compute that VaR97.5%(𝑌) ≈  −2.6% and ES97.5%(𝑌) ≈ −3.8%. The 

                                                           
6 For example, a random variable could be the Profit & Loss (P&L) of a company or the (log-)return of a stock index. 
7 In this text, the term level is used to speak about a real number between 0 and 1, for instance, 99%. 
8 Level proposed by the Basel Committee in the Basel 1 accord. 
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mean value of 𝑌 in the worst 2.5% of cases is equal to -3.8%, while the VaR only tells us that 
the value of 𝑌 in the worst 2.5% of cases will be less than or equal to -2.6%.  

Note that the level 97.5% for the ES is not chosen at random: for a normally 
distributed random variable 𝑌, it can be shown that ES97.5%(𝑌) ≈ VaR99%(𝑌). While in our 
example the chosen distribution is not a normal distribution but a Student’s t distribution, 
the two values are relatively close to each other, but the ES is smaller than the VaR: 
VaR99% ≈ −3.6% and ES97.5%(𝑌) ≈ −3.8%. 

However, the switching from the VaR to the ES has generated many reactions from 
both the banking sector and the academic sector (as evidenced by the numerous literature 
on this subject). There are two main reasons for this. The first one concerns a problem of 
backtesting: while the VaR can be easily backtested, this is not the case for the ES. To be 
more precise, the genuine problem concerns the comparative backtesting. For instance, let 
us assume that a bank has developed an internal model to compute the ES and believes that 
this model is more accurate to assess its individual risk than the model suggested by the 
regulatory authority. In order to decide whether the internal model of the bank is indeed 
better than that of the regulator, one has to be able to compare both models, for instance 
using historical data. In other words, one want to backtest the models based on the available 
and observed dataset in order to compare them. Such a procedure is called a comparative 
backtesting. As we will see in Section 4, applying this procedure to the ES is not so easy 
(contrary to the VaR). 

The second reason concerns the robustness. Robustness assesses how much sensitive a 
risk measure is under a certain change in the dataset. The problem is that this notion is 
highly dependent on what is meant by a “change in the dataset”. This is the reason why 
browsing the literature can become rapidly confusing: the ES is sometimes considered as a 
robust risk measure, sometimes not, according to the notion of sensitivity that is considered. 
In what follows, we only focus on the comparative backtesting problem. 

2. COMPARATIVE BACKTESTING 

Let us assume that we are a risk manager in charge of a team of 𝑚 competing risk 
forecasters and suppose that our goal is to decide who is the best forecaster in the team. 
Assume that the current regulation has chosen a risk measure 𝜌 (for instance the VaR or the 
ES) and let us consider a risky position 𝑌 with an a priori unknown distribution. The value 
𝜌(𝑌) has then to be estimated. It is possible that each forecaster in the team possesses its 
own methodology and therefore provides its own estimation for the value 𝜌(𝑌). Hence, let 
us denote by 𝜌𝑖 the estimated value of 𝜌(𝑌) provided by the 𝑖th risk forecaster. A natural 
question is then: what method can we use to decide who is the best forecaster in the team? 

That kind of questions is related to the so-called problem of comparative 
backtesting, which must be distinguished from the problem of classical backtesting. In a 
classical backtesting framework, we deal with the question of deciding whether a given 
estimation 𝜌𝑖 computed ex ante is “acceptable” or “sufficiently accurate” with regard to the 
observed ex post realizations 𝑦1, … , 𝑦𝑛 of the random variable 𝑌. The goal is thus to assess 
the accuracy of the estimated value 𝜌𝑖 in an absolute way. By contrast, in a comparative 
backtesting framework, we make use of the observed ex post sequence 𝑦1, … , 𝑦𝑛 to provide 
a ranking of the different estimated values 𝜌1, … , 𝜌𝑚, where 𝑚 is the number of forecasters 
in the team. 

One relevant concept in a comparative backtesting situation is the elicitability property 
that we will describe in the next section.  
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3. THE NOTION OF ELICITABILITY 

Based on some realizations 𝑦1, … , 𝑦𝑛 of the random variable 𝑌, we want to find a way to 
compare properly the different estimated values 𝜌1, … , 𝜌𝑚 provided by our team of 𝑚 risk 
forecasters. One approach is to consider a scoring function 𝑆 (see for instance [Gneiting 
2009]). For instance, a scoring function could be 

𝑆(𝑥, 𝑦) = (𝑥 − 𝑦)2       or      𝑆(𝑥, 𝑦) = |𝑥 − 𝑦|, 

where 𝑥 plays the role of the estimated value and 𝑦 is the observed value. In some sense, 
each of the above function 𝑆 measures how accurate is the number 𝑥 with respect to a given 
number 𝑦 (it measures a sort of distance between 𝑥 and 𝑦). In practice, we will thus always 
try to minimize such a scoring function. Given an observation 𝑦, we can then compare the 
accuracy of several 𝑥-values by computing for each of them the quantity 𝑆(𝑥, 𝑦). The 𝑥-value 
minimizing 𝑆(𝑥, 𝑦) will then be considered as the more accurate with respect to the 
observed value 𝑦.  

We can now introduce the notion of elicitability. Suppose that our team of 
forecasters has to provide estimated values for 𝜌(𝑌), with 𝜌 a certain risk measure (for 
example, a VaR or an ES) and 𝑌 a random variable (representing the P&L, for instance). We 
will say that 𝜌 is elicitable if one can find at least one scoring function 𝑆 such that the “true 

value” 𝜌(𝑌) (i.e. the theoretical one) minimizes the score 𝑆 given by the expected value of 
the scoring function, i.e. 

𝑆̅(𝑥) =  𝔼(𝑆(𝑥, 𝑌)), 

where 𝔼(𝑍) denotes the expectation of a random variable 𝑍. In other words, a risk measure 
𝜌 is elicitable if there exists a scoring function 𝑆, such that the value 𝑥 = 𝜌(𝑌) leads to a 

minimum for the score 𝑆(𝑥). 

A well-known risk measure, which is elicitable, is the expected value, i.e. 𝜌(𝑌) =
𝔼(𝑌). It can be shown (see for instance [Brehmer 2017]) that this risk measure elicits the 
scoring function 𝑆(𝑥, 𝑦) = (𝑥 − 𝑦)2. It means that the true value 𝜌(𝑌) minimizes the score 

𝑆̅(𝑥) = 𝔼(𝑆(𝑥, 𝑌)) = 𝔼((x − Y)2), 

that is, 

𝑆(𝜌(𝑌)) = 𝔼((ρ(Y) − Y)2) = 𝔼((𝔼(Y) − Y)2) ≤ 𝑆(𝑥) 

for any choice of 𝑥-value. In particular, we see that the expectation minimizes the mean 
squared error, as it is well known. Note however that it is not true for any scoring function 𝑆. 

For instance, the mean value 𝑆 associated with the function 𝑆(𝑥, 𝑦) = |(𝑥 − 𝑦)/𝑦| will not 
reach its minimum at 𝑥 = 𝔼(𝑌). 

The elicitability of a risk measure 𝜌 thus provides a way to establish a ranking of 
forecasted values for 𝜌(𝑌). Indeed, given a sequence of observed realizations 𝑦1, … , 𝑦𝑛 of 𝑌 
and an elicitable risk measure 𝜌 with respect to a scoring function 𝑆, we compute the 

empirical mean of the score 𝑆(𝜌𝑖) for each forecasted value 𝜌𝑖, 

𝑆(𝜌𝑖) ≈  
1

𝑛
[𝑆(𝜌𝑖, 𝑦1) + ⋯ + 𝑆(𝜌𝑖, 𝑦𝑛)]. 

The ranking of these approximated scores provides a ranking of the estimated values. 
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4. BACKTESTING VAR AND ES USING ELICITABILITY 

As we have seen before, elicitability provides a (nearly) straightforward way to yield a 
ranking of estimated values, in line with a comparative backtesting procedure. 

a. Value-at-Risk 

Let us start with the VaR. Suppose for instance that a VaR at level 99% has to be used to 
determine the market risk of a bank. Assume moreover that the risk is modeled by an a priori 
unknown random variable 𝑌. The quantity VaR99%(𝑌) has then to be estimated. For 
example, we can assume that using its own internal model, the bank provides a value VaR𝐵, 
while the model suggested by the regulator yields an estimated value VaR𝑅. In order to 
determine the model providing the best estimated value, we can apply a comparative 
backtesting procedure, that is, making use of observed realizations of 𝑌 to provide a ranking 
of the estimated values for VaR99%(𝑌). 

As explained in the previous section, if a risk measure is elicitable, then it is possible 
to establish such a ranking by means of a scoring function. As shown (among others) by 
Saerens and Thomson (in [Saerens 2000] and [Thomson 1979], respectively), the VaR (at any 
level) is an elicitable risk measure. In other words, given a level 𝛼 (for instance, 𝛼 = 99%), 
the value VaR𝛼(𝑌) can be viewed as a minimum of a certain score. 

A possible choice (given in [Saerens 2000; Thomson 1979]) of scoring function 𝑆 that 
“elicits” the VaR at level 𝛼 is 

𝑆(𝑥, 𝑦) = (𝟙𝑦≤𝑥 − (1 − 𝛼)) (𝑥 − 𝑦).                                           (1) 

Recall that saying that the VaR is elicitable with respect to the above scoring function 𝑆 
means that this VaR is a minimum for the expectation of the function 𝑆. The second factor in 
𝑆 computes the (signed) distance between the estimated value 𝑥 of the VaR and the 
observed value 𝑦 of the random variable 𝑌, while the first factor gives a weight depending on 
the relative position between 𝑥 and 𝑦. If 𝑥 is too high (respectively too small) compared with 
the theoretical VaR, many values 𝑦 will be likely less (respectively higher) than 𝑥 and the 
mean of the scoring function will be high compared to the scoring function computed with 
the theoretical VaR. This gives the intuition that only the true VaR will be a minimum for the 
mean value of the score  𝑆̅.  

Let us illustrate this with the Russell 2000 Index. Consider the observations 𝑦1, … , 𝑦𝑛 
of the returns of the Russell 2000 Index between 23/03/2009 and 20/03/2019. For each 
possible estimated value 𝑥 for the VaR99% (for instance the value -3.6% provided by the 

Student approximation), we compute the approximated value for the score 𝑆(𝑥) by 

𝑆(𝑥) ≈
1

𝑛
[𝑆(𝑥, 𝑦1) + ⋯ + 𝑆(𝑥, 𝑦𝑛)]. 

Figure 2 shows the behavior of the function 𝑆. 

The estimated value of the VaR99% obtained via a Student approximation is given 
by -3.6% and the approximated score at this value is about 0.000479 (red point in the graph). 
If there is another forecaster who fitted a normal distribution, instead of a Student’s t 
distribution, the estimated VaR at level 99% would be -3% and the approximated value of the 
score is equal to about 0.000506 (grey point in the graph). The value of the score obtained by 
the forecaster with the Student approximation is then smaller than the one obtained by the 
forecaster with the normal approximation. We could then consider that the estimated value 
given by the former is better than the one of the latter, according to the sample 𝑦1, … , 𝑦𝑛. In 
order to validate the intuition given by this observation, a hypothesis test could be used. 
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Figure 2 

 

b. Expected Shortfall  

We now consider the case of the ES. A few years ago, Weber (in [Weber 2006]) and Gneiting 
(in [Gneiting 2009]) have shown that ES is not an elicitable risk measure. This has brought 
many questions about the backtestibility of ES, especially since the Basel Committee decision 
to move from a VaR to an ES as market risk measure. Indeed, it means that it is not possible 
to associate a “good” scoring function to the ES, which implies that given observed 
realizations of 𝑌, it is not possible to provide a good ranking of different estimated values for 
the ES by means of scores. 

However, another result due to Fissler and Ziegel in [Fissler and Ziegel 2016] has 
recently reopened the way to the comparative backtesting for the ES: although the 
(standalone) ES is not elicitable, the pair (VaR, ES) is. How can we interpret this result? 
Suppose as previously that we dispose of a sequence of observed realizations 𝑦1, … , 𝑦𝑛 of a 
random variable 𝑌. Assume also that our goal is to estimate the value ES97.5%(𝑌). If our 
team of 𝑚 forecasters provides a sequence of estimated values ES1, … , ES𝑚, the result of 
Fissler and Ziegel implies that we will not be able to establish a ranking of those values. But, 
if we ask moreover that our team provides also a sequence of estimated values 
VaR1, … , VaR𝑚 for the VaR97.5%(𝑌), then we will be able to establish a ranking for the pairs 

(VaR1, ES1), … , (VaR𝑚, ES𝑚), 

by means of a scoring function (and thus determine the better forecaster of the team). 

It thus seems that it is possible to get around the non-elicitability of the ES by 
combining it with the VaR. Unfortunately, there is a remaining problem: the choice of the 
scoring function. Without enter into mathematical details, the difficulty comes from the fact 
that we have to rank pairs of numbers, in order to determine the nearest one of the 
theoretical (but unknown) pair (VaR97.5%(𝑌), ES97.5%(𝑌)). The problem then comes from 
the meaning that we give to the expression “nearest pair”. Indeed, suppose for example that 
the true values are (VaR97.5%(𝑌), ES97.5%(𝑌)) = (−2%, −3%). Assume also that a 
forecaster 1 provides the pair (−2%, −4%) while a forecaster 2 provides the pair 
(−3%, −3%). The forecaster 1 has thus the right VaR but a wrong ES, while the forecaster 2 
has the right ES but the wrong VaR. Since we a priori do not know the value of the true pair 
(VaR97.5%(𝑌), ES97.5%(𝑌)), it is difficult to determine which of the estimated pair is the 
most accurate with respect to the ES only. In other words, the fact that we have to also 
consider forecasted values of the VaR can lead to a wrong ranking regarding the estimated 
values of the ES. 
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It is possible to show that any possible scoring function for the pair 
(VaR𝛼(𝑌), ES𝛼(𝑌)) is of the following form (see for instance [Fissler and Ziegel 2016]) 

𝑆(𝑥1, 𝑥2, 𝑦) = (𝟙𝑦≤𝑥1
− 𝛼)𝐺1(𝑥1) − 𝟙𝑦≤𝑥1

𝐺1(𝑦) − 𝒢2(𝑥2) + 𝑔(𝑦) 

                                                           +𝐺2(𝑥2) (𝑥2 − 𝑥1 +
1

𝛼
𝟙𝑦≤𝑥1

(𝑥1 − 𝑦)),                                 (2) 

where the functions 𝐺1, 𝐺2, 𝒢2 and 𝑔 have to be carefully chosen. The first two terms are 
strongly related to the scoring function associated with the VaR, while the rest of the 
expression cannot be splitted into a sum of one part depending only on 𝑥1 (the estimated 
value of the VaR) and another part depending only on 𝑥2 (the estimated value of the ES). 
This emphasizes the fact that it is impossible to obtain a scoring function for the ES only (the 
additional knowledge of the VaR is essential). In [Ziegel 2016], authors show that the non-
elicitability of the ES comes from the fact that the level sets of this risk measure are in 
general not convex. 

Let us now consider once again the returns of the Russell 2000 Index in order to 
illustrate the backtest procedure based on the elicitability of the pair (VaR, ES). Consider the 
particular scoring function 𝑆1 of the form (2) proposed by the authors in [Fissler, Ziegel, and 

Gneiting 2015], with 𝐺1(𝑥) = 𝑥, 𝐺2(𝑥) =
𝑒𝑥

1+𝑒𝑥, 𝒢2(𝑥) = log(1 + 𝑒𝑥) and 𝑔(𝑥) = 0. 

 

 
Figure 3 

 

For the normal approximation, we have that the estimated value of VaR97.5% is equal 
to -2.5% and for the ES97.5%, we have about -3%. The score is given by -0.67327 (grey point 
in Figure 3). The estimated value of the VaR97.5% obtained via a Student approximation is 
given by -2.6%, and for the ES97.5%, we have about -3.8%. The score is equal to -0.67333 (red 
point in Figure 3), which is smaller than the one obtained via the normal approximation. 

Another possible choice for the scoring function of the form (2) is the one provided by 
Fissler and Ziegel in [Fissler and Ziegel 2017]. Their idea consists in modifying the scoring 
function in order to give more importance to the ES part in the pair (VaR, ES). Their strategy 
works provided |ES97.5%| > |VaR97.5%| (which is always the case in continuous cases but not 
necessarily in practice when using for example empirical distributions, the strict inequality 
being then possibly not satisfied). In the expression (2) of the scoring function, they make the 

following choices (for all 𝑥 < 0): 𝐺1(𝑥) = 𝑥, 𝑔(𝑥) = 0, 𝐺2(𝑥) = |𝑥|−𝑏 and 𝒢2(𝑥) =
1

𝑏−1
|𝑥|1−𝑏, where 𝑏 is a parameter that can be chosen between 0 and 1 (which allows 
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flexibility in the scoring function). We choose for instance 𝑏 = 0.9 (the choice of the value 
does not influence the result of the test). We denote by 𝑆2 this scoring function. 

 

 
Figure 4 

 

With 𝑆2 instead of 𝑆1, conclusions are the same regarding the normal and Student 
approximations (see Figure 4). Once again, in order to validate the intuition given by these 
observations, a hypothesis test could be used. 

It thus may be noted that while VaR is not a coherent risk measure (in the sense of 
Artzner et al. in [Artzner et al. 1999]), it nevertheless offers many advantages with respect to 
the problem of comparative backtesting. The non-elicitability of the ES complicates such a 
task since elicitability for pairs has to be taken into account. Moreover, the scoring function 
for the pair (VaR, ES) may play an important role in a comparative backtesting situation and 
an unsuitable choice can lead to completely wrong results. That is why we stress the 
importance of the choice provided by Fissler and Ziegel in [Fissler and Ziegel 2017] in order 
to control the impact of an error for the estimated VaR in the result of the comparative 
backtesting. 

5. PRACTICAL APPLICATION OF ELICITABILITY 

We present here a way to generalize the previous discussion to a dynamical context. We 
assume that a bank collects a sequence 𝑦1, … , 𝑦𝑛 of 𝑛 daily values of the P&L of a position. 
Those observations are realizations of a random variable 𝑌𝑡, for 𝑡 between 1 and 𝑛, which 
models the P&L of the bank’s position at time 𝑡. 

For each 𝑡 between 1 and 𝑛, let us denote by 

 VaR𝐵,𝑡 and ES𝐵,𝑡 the forecasted values of VaR97.5%(𝑌𝑡) and ES97.5%(𝑌𝑡) using the 
internal model of the bank, and computed at time 𝑡 − 1 by means of the information 
available at that time, and 

 VaR𝑅,𝑡 and ES𝑅,𝑡 the ones forecasted by means of a regulatory procedure. 

In order to compare the forecast performances of both models (the internal one and the 
regulatory one) and determine which one is the better, we can again make use of the scoring 
function 𝑆 given by (2). For that, we will follow an adaptation of the so-called three-zone 
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approach as defined in Basel 3 for the VaR9. The idea is as follows: consider the two following 
null hypothesis: 

 𝐻0
− : The internal model predicts at least as well as the regulatory model, and 

 𝐻0
+ : The internal model predicts at most as well as the regulatory model. 

Under 𝐻0
−, the backtest is passed for the internal model (that is, it is considered as better 

than the regulatory one) if the null hypothesis fails to be rejected. However, this does not 
mean that the internal model is indeed better than the other one, it simply means that this 
hypothesis cannot be falsified. The other approach (associated with 𝐻0

+) is more 
conservative: in that case, the backtest for the internal model is passed if the null hypothesis 
𝐻0

+ is rejected. Let us now define the following test statistic: 

     𝑇𝑛 : =
𝑆𝐵−𝑆𝑅

𝜎𝑛
,                                                                         (3) 

with 

𝑆𝐵 : =
1

𝑛
[𝑆(VaR𝐵,1, ES𝐵,1, 𝑦1) + ⋯ + 𝑆(VaR𝐵,𝑛, ES𝐵,𝑛, 𝑦𝑛)], 

𝑆𝑅 : =
1

𝑛
[𝑆(VaR𝑅,1, ES𝑅,1, 𝑦1) + ⋯ + 𝑆(VaR𝑅,𝑛, ES𝑅,𝑛, 𝑦𝑛)], 

and where 𝜎𝑛 is a suitable estimate of the standard deviation of 𝑆𝐵 − 𝑆𝑅. Let us denote by 𝛷 
the cumulative distribution function of a standard normal 𝒩(0,1). Using the work of Diebold 
and Mariano (see [Diebold and Mariano 2002]), we will reject the hypothesis 𝐻0

− at a level 𝑝 
if 1 − 𝛷(𝑇𝑛) ≤ 𝑝 while the hypothesis 𝐻0

+ will be rejected if 𝛷(𝑇𝑛) ≤ 𝑝. Note that a 
commonly used level is 𝑝 = 5%. Using the fact that 𝛷(0.95) = −𝛷(0.05) ≃ 1.64, we get 
the three zone in Figure 510 for the null hypothesis 𝐻0

+ and 𝐻0
−. 

 

 
Figure 5 

 

The left part is called the "green zone" and it corresponds to the case where the internal 
model is considered as better than the regulatory one. The middle part is called the "yellow 
zone" and corresponds to the case where we cannot conclude which model performs the 
best. Lastly, the right part is called the "red zone" and corresponds to the case where the 
internal model is rejected. 

  

                                                           
9 Basel Committee on Banking Supervision, Fundamental Review of the Trading Book: A Revised Market Risk Framework, 2013. 
10 The figure is largely inspired by [Fissler, Ziegel, and Gneiting 2015]. 
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6. CASE STUDY 

Let us now illustrate the previous discussion throughout two examples. 

The first one is inspired by Fissler, Ziegel and Gneiting in [Fissler, Ziegel, and Gneiting 
2015]. Assume that the P&L of a bank at time 𝑡 is described by a random variable 𝑌𝑡 ∼
𝒩(𝜇𝑡 , 1), where the sequence of means 𝜇𝑡 is a sequence of i.i.d. standard normal 
distributions, i.e. 𝜇𝑡 ∼ 𝒩(0,1) for each 𝑡. Suppose now that under a certain scenario A, the 
regulatory authority suggests to model the P&L 𝑌𝑡 using a distribution 𝒩(0,2), which leads 
to the following sequence of forecasts values (VaR𝑅,𝑡, ES𝑅,𝑡) for the pair 
(VaR97.5%(𝑌𝑡), ES97.5%(𝑌𝑡)) at time 𝑡, 

(VaR𝑅,𝑡, ES𝑅,𝑡) = (VaR97.5%(𝒩(0,2)), ES97.5%(𝒩(0,2))) ≃ (−2.77, −3.31). 

Under the same scenario A, assume that the internal model of the bank makes use of the 
available information at time 𝑡 and thus computes the VaR and the ES on the basis of the 
distribution 𝒩(𝜇𝑡 , 1), which leads to the following forecasted values (VaR𝐵,𝑡 , ES𝐵,𝑡), 

(VaR𝐵,𝑡 , ES𝐵,𝑡) = (VaR97.5%(𝒩(𝜇𝑡 , 1)), ES97.5%(𝒩(𝜇𝑡 , 1)))

= (𝜇𝑡 + 𝛷−1(0.025), 𝜇𝑡 −
1

0.025
𝜑(𝛷−1(0.025))) ,

 

where (as a remainder) 𝛷 denotes the cumulative distribution of a standard normal variable 
and where 𝜑 stands for the associated density function. 

Let us now apply a backtest based on a scoring function 𝑆 of the form (2) for two 
different scenarios: the scenario A defined above and a scenario B for which the roles of the 
two different forecasting models are interchanged between the bank and the regulatory 
authority. For each experiment, we choose 𝑛 = 250 (i.e. we apply a backtest for roughly one 
year of trading days) and consider two choices of scoring functions: let 𝑆1 be the scoring 

function (2) for which 𝐺1(𝑥) = 𝑥, 𝐺2(𝑥) =
𝑒𝑥

1+𝑒𝑥, 𝒢2(𝑥) = log(1 + 𝑒𝑥) and 𝑔(𝑥) = 0 and let 

𝑆2 be the scoring function associated to the choices 𝐺1(𝑥) = 𝑥, 𝑔(𝑥) = 0, 𝐺2(𝑥) = |𝑥|−𝑏 

and 𝒢2(𝑥) =
1

𝑏−1
|𝑥|1−𝑏 (for all 𝑥 < 0), with 𝑏 = 0.5. We repeat such an experiment a 

thousand times and compute the percentage of cases where the test falls into the green, the 
yellow and the red zone. We get the results in Table 1. 

   

 Scenario Scoring function Green zone Yellow zone Red zone 

 

A 
𝑆1 88.2% 11.8% 0.0% 

 𝑆2 92.9% 7.1% 0.0% 

 

B 
𝑆1 0.0% 12.8% 87.2% 

 
𝑆2 0.0% 6.9% 93.1% 

Table 1 

 

We can thus observe that even with a relatively small sample of data, the test based 
on the scoring function 𝑆2 is slightly less hesitant than the one based on 𝑆1 (i.e. the statistics 
falls less often in the yellow zone). 

By way of illustration of the importance of using a comparative backtest instead of a 
traditional one, note that for instance the traditional ES backtest due to [Acerbi and Szekely 
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2014] as well as the test suggested by [Costanzino and Curran 2015] both validate the 
simplistic internal model of the bank in the scenario B at more than 90%! As pointed out by 
the authors in [Fissler, Ziegel, and Gneiting 2015], this kind of problem will arise with any 
traditional backtest. In other words, such tests do not provide the incentive of developing 
more accurate risk measure forecasts, which is neither in the interest of the bank nor in that 
of the regulatory authority. 

For the second example, we come back to the Russel 2000 index. In order to 
emphasize the importance of the comparative backtesting result especially in presence of 
extreme events, we focus on the crisis period 2007-2009. We consider two different 
sequences (VaR𝑅,𝑡 , ES𝑅,𝑡) and (VaR𝐵,𝑡, ES𝐵,𝑡) of forecasts values for the pair 
(VaR97.5%(𝑌𝑡), ES97.5%(𝑌𝑡)) at time 𝑡, where 𝑌𝑡 is the random variable representing the log-
return of the index at time 𝑡. We focus on the year 2008-2009 (which contains roughly 𝑛 =
250 data). 

The first sequence is obtained by calibrating a Normal distribution on the dataset 
available for the period 2005-2008 (which leads to a constant pair (VaR𝑅,𝑡, ES𝑅,𝑡) over time) 
while the second one consists in a GARCH(1,1)-model with Student innovations calibrated 
on the same dataset and using a one-day ahead rolling forecast (refitted every day). 
Obviously, the second model is much more accurate than the first one, but let us see now 
how the above-mentioned statistical test allows to conclude in this sense. For this, we 
choose the same scoring functions 𝑆1and 𝑆2 than before. The p-values for the statistic (3) are 
given in Table 2. 

 

 Scoring function p-value 

 
𝑆1 0.00005% 

 𝑆2 0.00003% 

Table 2 

 

As we can see, both tests declare that the second model based on the GARCH(1,1)-model is 
better than the first one: the statistics are in the green zone. 

Even in the case where the Normal distribution is calibrated on the last six months 
preceding the year to forecast (in order to reduce the bias) and the GARCH(1,1)-model is not 
refitted (the forecast is thus computed with the same parameters for the entire year 2008-
2009, which is less accurate than before), the p-values for the statistic (3) are given in 
Table 3. 

 

 Scoring function p-value 

 
𝑆1 0.027% 

 𝑆2 0.022% 

Table 3 

 

Again, the statistics are in the green zone, which means that the second model is preferred 
over the first one. 
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7. HOW CAN REACFIN HELP? 

The backtesting method proposed by the Basel Committee11 only relies on the backtesting of 
the VaR at a level of 97.5% or 99%. In order to backtest the ES used in the internal models 
approach, we then need to consider another method. 

 

As we have seen, the elicitability enables to build comparative backtests for the ES 
based on scoring functions. Those tests can be implemented, provided that the scoring 
function is explicitly known. Some relevant scoring functions have been introduced in this 
paper.  

 

If you want to tackle this problem and consider a backtesting method for the ES, 
Reacfin can help you, for instance, 

 

 In the design of the backtesting method, 

 In the implementation of the chosen method, or 

 In its validation. 

  

                                                           
11 Basel Committee on Banking Supervision, Minimum capital requirements for market risk, 2019. 
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ABOUT REACFIN 

 

 

 

  

Reacfin s.a. is a Belgian-based consulting firm specialized in
• actuarial science,
• risk,
• portfolio management and
• data science.

We develop innovative solutions and robust tools for Financial institutions.

The company started its activities in 2004 as a spin-off of department of statistics and actuarial science of the
University of Louvain.

In its early days, we focused on actuarial consultancy services for Belgian Pension Funds, Insurance Companies
and Mutual organizations. Rapidly, in the following years, we expanded our business internationally and
broadened our scope of services to Risk Management, Quantitative Finance, Portfolio Management and Data
Science for Financial Institutions in the broader sense (i.e. including banks, asset managers an Financial Market
Infrastructure companies).

Spread over its 2 offices in Louvain-La-Neuve and Luxembourg, Reacfin employs today about 30 consultants
most of which hold PhD’s or highly specialized university degrees.

Over the years we have now served in excess of 150 different financial institutions, the vast majority of which
are recurrent clients, which we see as the most convincing indicator of our clients satisfaction.

Missions we regularly perform consist of models design, developments & deployment, model validations,
definition of risk- & portfolio management policies, organization & governance advisory, strategic asset
allocations or specialized management consulting with regard to Risk & Portfolio management problems.

 Implementation/calibration of stochastic models

 Valuation/Pricing of financial instruments 

 Development of AM & ALM models

 Credit Portfolio Management Models (incl. IRB, IFRS9, etc.)

 Asset allocation, (Automated) trading  & hedging strategies

 Quantitative Risk Management models

 Strategic opportunities assessment and business valuations

 Industrialization of processes & organizational optimization 

 Business intelligence, benchmarking & surveys

 Internal &  regulatory reporting (KRI’s & KPI’s dashboards)

 Validations, model review frameworks and model documentation

 Pricing , product development & reserving

 Dynamic Financial Analysis (DFA) 

 Capital Requirement optimization

 Business valuation support

 Actuarial function outsourcing

 Implementation or review of reserving methodologies

 Development of innovative pricing methodologies and tools

 Valuation & profitability analysis models

 Risk mitigation optimization

 Business valuation , capital management and actuarial function

Risk & Finance Life, Health and Pension

Artificial Intelligence & Data Science

 Machine learning models and processes robotization

 Text mining solutions and qualitative financial environment analysis

 Data visualization (dynamic dashboards, automated reports,, etc.)

 Creation of structured dataset thanks to scraping methodologies

Non-Life

We organize our consulting services along 4 Center of Excellence:
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Balanced and 
pragmatic 
approach

No black box 
Solutions

Documentation, 
coaching & 

training

 Client-centric solutions focussed on deliverables
 Respecting the principle of proportionality
 Cost efficient within tight pre-agreed budgets

 Hands-on implementation tested for 
real-life conditions

 Open source solutions on request
 Close cooperation with our clients

 Clear &  comprehensive documentation compliant existing or upcoming regulation
 Adapted trainings at all levels of the organisation
 Coaching support for implementation and operationnalisation of processes

Clearly structured 
processes

 Lean & efficient tailored project management
 Regular progress reviews
 Agile approach to adapt to the evolving needs of our clients

State of the art 
technical skills

 Expertise in most advanced quantitative modelling & academic excellence of a spin-off
 All our consultants hold multiple masters or Phd.
 Best-in-class qualitative risk management leveraging on highly experienced senior consultants

We deploy material efforts at ensuring that Reacfin deliverables systematically have the following characteristics:

We articulate our offer along 3 brands:

Technical advisory in model development, deployments, validation and maintenance.

Specialized consulting in Financial Institutions organization, governance and business strategy

Combination of On-Site and On-Line Executive Education solutions including theoretical and
methodological concepts, real-life case studies and exercises

Tailored computational solutions designed and developed to integrate smoothly into your
company’s systems and processes (incl. open-source offerings)

Reacfin’s management puts great emphasis at sharing and embedding our driving values within the company :

We attract the best 
people

We develop their skills 
and career through 

diversified missions and 
rigorous knowledge 

management

We go the extra-mile to 
deliver the best quality in 

our work & services

By acting as a bridge 
linking academic 

excellence with best 
market practices, we 

select the latest 
research that best 
serves our clients

Through out of the box 
thinking, we apply  

state-of-the-art 
techniques that offer 
our clients pragmatic 
added-value solutions

We put work ethics, 
client's best interest 

and confidentiality as 
the foundation of our 

work

We commit at 
promoting the greatest 

transparency and 
knowledge sharing in 

all our clients’ 
solutions

We are dedicated at 
clearly understanding 

the needs of our 
clients

We deliver solutions 
that produce 

measurable value 

Our deliverables are 
tailored and actionable 

solutions  to our 
clients’ challenges

We develop 
sustainable 

partnerships with our 
clients

We never compromise 
on our commitments 

including level of 
quality, budgets & 

deadlines

All our deliverables are 
designed, developed 

and tested to last over 
time with constant 

efficiency
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