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ABSTRACT
Professionals in quantitative finance are often faced with a difficult choice
when having to estimate the probability of a financial event: either taking
frequencies of observed time series as best estimators, or fitting a
parametric distribution. The first option comes with material drawbacks:
it is implicitly backward looking, can prove unstable in time as new
observations are recorded, and limits the possibilities to extrapolate to
low probability quantiles. But at least, and unlike the choice of using
parametric distributions, it limits the risk of introducing bias in the model
and reduces the number of assumptions to be made.
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In this paper, we consider a refinement of this first option, which retains
the major advantage of not making constraining parametric assumptions,
while mitigating common drawbacks: Kernel Density Estimation.
We show how this technique can be applied to quantile estimation, and
present a practical application for the estimation of volatile balances in
the modeling of Non-Maturing Deposits, both for current and savings
accounts.
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INTRODUCTION
Modern finance makes extensive use of statistical modeling techniques to
model risks related to financial instruments and positions of financial
institutions. That is particularly the case when “Value-at-Risk” approaches
are required.
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Whether modeling interest rate risk for the purpose of IRRBB regulatory
guidelines1, whether assessing credit risk parameters for regulatory or
accounting purposes (e.g. Modeling Internal Rating or Downturn LGD
under CRR2 or Credit Losses under IFRS 9) or simply for their internal risk
management need, practitioners are often faced with a difficult choice
when having to estimate the probability of a financial event: either taking
frequencies of observed time series as best estimators or fitting a
parametric distribution.
The first option comes with some material drawbacks: it is purely
empirical and backward-looking, it can prove pretty unstable in time as
new observations are recorded, and it limits the possibilities to
extrapolate to low probability quantiles. But at least, and unlike the
choice of using parametric distributions, it mitigates the risk of
introducing bias in the model and reduces the number of assumptions to
be considered.
In this paper, we consider a refinement of this first option, which retains
the major advantage of not making constraining parametric assumptions,
while mitigating common drawbacks: Kernel Density Estimation.
We begin by presenting the mathematical framework of the approach
and how it can be applied to Value-at-Risk estimation.

Pr. Francois
Ducuroir
Managing Partner
MSc in Applied Mathematics,
MSc in Applied Economics
Guest Professor in Finance at
UCLouvain and UNamur.

We then illustrate the effectiveness of this technique by presenting a
practical application of the technique in a well-known challenge for many
retail banks: the estimation of volatile balances in the modeling of NonMaturing Deposits (e.g. current accounts, saving accounts). Calibrating
the volatile balance proves a key requirement for the ALM of banks, not
only for liquidity management purposes but also to assess interest rate
risks borne by such deposits.
Obviously, the range of applications of such techniques is much wider
than the small illustrative example presented here. It proves to have a
wide range of applications in quantitative finance, risk management and
actuarial science that we will be happy to discuss with the interested
reader.

1

« Guidelines on the management of interest rate risk arising from non-trading book
activities », EBA/GL/2018/02, European Banking Authority, 19 July 2018
2

“REGULATION (EU) No 575/2013 OF THE EUROPEAN PARLIAMENT AND OF THE
COUNCIL of 26 June 2013 on prudential requirements for credit institutions and
investment firms and amending Regulation (EU) No 648/2012”
3
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1. KERNEL DENSITY ESTIMATION
a. Kernel density estimation
Kernel Density Estimation (commonly abbreviated KDE) is a statistical technique that allows to
estimate non-parametrically the density function of a random variable3. The method was
developed in the 1950s, with Murray Rosenblatt (1956, [1]) and Emanuel Parzen (1962, [2])
being both, although independently, credited for it.
The central idea is to start from the histogram and smooth its shape to obtain a valid density
function. Consider a random variable 𝑋 from which a random sample 𝑋1 , … , 𝑋𝑛 is drawn. The
classical histogram is defined by the following equation:
𝑛

1
𝑓̂𝐻 (𝑥, ℎ) =
∑ 𝟏{𝑋𝑖 ∈𝐵𝑘:𝑥∈𝐵𝑘}
𝑛ℎ
𝑖=1

Where 𝑓̂𝐻 (𝑥, ℎ) is the histogram bar height at a given point 𝑥 and using a bin width ℎ, and 𝐵𝑘
is the kth bin to which 𝑥 belongs.
Alternatively, we can define a moving histogram, also sometimes called the naïve density
estimator. Its principle is identical to the classical histogram, but no fixed bins are defined,
meaning that the resulting value at a given point is simply a count of the observations located
around that point, i.e. the bin center is always located at the point 𝑥.
Mathematically, we write:

𝑓̂𝑁 (𝑥, ℎ) =

𝑛
1
∑ 𝟏{𝑥−ℎ<𝑋𝑖 <𝑥+ℎ}
2𝑛ℎ
𝑖=1

=

𝑛 1
1
∑
𝟏
𝑥−𝑋𝑖
𝑛ℎ
𝑖=1 2 {−1< ℎ <1}

=

𝑛
1
𝑥 − 𝑋𝑖
∑ 𝐾(
)
𝑛ℎ
ℎ
𝑖=1

3

Statistical analysis often considers real-world data features to be random variables, in that their
behaviour (and future values) is at least partly unknown. The goal of statistical analysis is to describe
and predict this random behaviour. In the financial domain, commonly studied random variables
are, for example, the returns of financial instruments under Real World assumptions, credit defaults
losses, or risk metrics such as the Value-at-Risk that we consider in this paper.
4
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As showed above, the moving histogram can be written as an equal-weighted average of the
function 𝐾, which is a uniform density defined over (−1,1).
The generalization of this approach to any arbitrary density function 𝐾 is the key principle of
kernel density estimation. Indeed, if we use a smooth density instead of the unsmooth uniform
density, e.g. the Gaussian distribution, then we will obtain a smooth estimate of the true
density of 𝑋.

Figure 1. Illustration of the functioning of kernel density estimation on a sample from the normal distribution.
Conceptually, each bar of the histogram is replaced by a smooth density function, and averaging these functions
yields a smooth estimate of the true density. In reality, a smooth kernel is fitted on each observation, rather than
on the histogram bars. The average of these point-kernels yields the density estimate (in blue).

The function 𝐾, called the kernel, can be any continuous function as long as it is positive and
integrates to one; this ensures that the resulting density estimate has the valid probabilistic
properties of a density function.
Additionally, to obtain consistent results, it is preferable, although not required, that the
kernel is a symmetric function. In practice, statisticians often use a Gaussian (i.e. Normal)
kernel, since it is well known and has attractive characteristics.
Note that the choice of the kernel function is by no means an assumption on the (unknown)
distribution of the random variable, i.e. any distribution can be estimated using any kernel,
but in order to obtain consistent results, one should ensure that both share similar properties.
Indeed, the estimated density inherits the properties of the kernel that is used.

𝑓̂(𝑥, ℎ) =

REACFIN S.A./N.V. PLACE DE L'UNIVERSITE 25 B-1348 LOUVAIN-LA-NEUVE (BELGIUM)
TVA: BE 0862.986.729 - TEL: +32 (0) 10 68 86 07
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𝑛
1
𝑥 − 𝑋𝑖
∑ 𝐾(
)
𝑛ℎ
ℎ
𝑖=1
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Similarly to the bin width in histograms, the kernel density estimator introduces a scale
parameter 𝑘, called the bandwidth.
The magnitude of 𝑘 determines the number of observations that will be taken into account4
when estimating the density function at a given point 𝑥. While the choice of a kernel function
often has a very limited impact on estimation results, the adequate calibration of the
bandwidth 𝒌 is crucial to obtaining consistent estimates, as illustrated in figure 2 hereunder.

Figure 2. Illustration of the importance of adequate bandwidth calibration. We simulate 1000 observations from a
normal distribution, and then perform kernel density estimation on the resulting sample with three bandwidth
values. The dotted orange line illustrates the KDE density produced with an adequate bandwidth. Too low or too
large values for the bandwidth parameters produce undersmoothing or oversmoothing issues, respectively.

Proper selection of the bandwidth 𝑘 is not straightforward since the true density is unknown.
Over the years, statisticians have thus designed data-driven methods to automate the
calibration of the bandwidth parameter; among these, the plug-in estimators are widely used
and described in the academic literature5.
Without going into too much detail, these estimators compute the optimal bandwidth by
minimizing the integrated mean square error (IMSE). Note that the IMSE can only be calculated
if specific higher-order integrals of the true density are known. Hence, plug-in methods
estimate these higher-order integrals by kernel density estimation, which then requires the
selection of another bandwidth parameter. This iterative process is then repeated for an

4

The higher the bandwidth, the more weight will be given to observations far from the estimation point x. The quantity nh can be
considered as the number of observations in the vicinity of x that will have a meaningful impact on the density estimate in x.
Alternatively, when using a Gaussian kernel, the bandwidth is equivalent to the standard deviation.
5

Another common family of bandwidth estimators is the cross-validation approach. See Garcia (2020, [3]) for an extensive
introduction to both categories of estimators.
REACFIN S.A./N.V. PLACE DE L'UNIVERSITE 25 B-1348 LOUVAIN-LA-NEUVE (BELGIUM)
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arbitrary number of stages, until a parametric assumption (often normality) is made on the
true density to obtain an analytical expression for the integrals. Cascading the calculations
back to the first stages, a satisfying estimate for the bandwidth is then obtained.
As one could expect, the precision of this method depends strongly on the number of stages
performed.
A first approach consists in making the normality assumption as of the very first stage. One
then obtains a zero-stage plug-in estimator, which provides for a simple and straightforward
bandwidth calibration method. By making minor adjustments to the zero-stage plug-in,
Silverman (1986, [4]) proposed a simple rule-of-thumb for selection of the bandwidth:

∗
ℎ𝑆𝑉𝑀
= 0.9 × min (𝜎̂,

1
𝑖𝑞𝑟
) × 𝑛 −5
1.34

Where 𝜎̂ is the sample standard deviation, 𝑖𝑞𝑟 the sample interquartile range, and 𝑛 the
sample size.
Although this rule may appeal by its simplicity, its embedded normality assumption implies it
will behave badly when the sample distribution deviates too strongly from normality (e.g.
highly skewed distributions, or bimodal distributions).
More recently, one of the most successful methods, proposed by Sheather and Jones (1991,
[5]) and called the direct plug-in (DPI) estimator, implements this procedure using a two stages
approach.
In the practical application hereafter (see section 2), we use both the DPI estimator and
Silverman’s rule-of-thumb in our KDE calculations and compare their overall adequacy.
It can be shown that the kernel density estimator is biased, however this bias disappears as
the sample size grows large and the bandwidth tends to zero6. The KDE estimator is also
asymptotically normal7 with a convergence rate of √𝑛ℎ.
This means that KDE should not be expected to behave well when used on small data samples.
Moreover, the minimum sample size at which the technique displays good properties is larger
than for conventional estimators, which usually converge at a rate of √𝑛. Our experience
shows that the sample size should be at least 90-120 (e.g. over 3 to 4 months of calendar days
data) for KDE to behave well, i.e. for this small sample bias to be small enough. Fortunately,
financial time series often exceed this threshold in size, making KDE a suitable method for a
wide range of applications in this domain.

6

Mathematically, 𝑛 → ∞ and ℎ → 0.

Mathematically, √𝑛ℎ(𝑓̂(𝑥, ℎ) − 𝔼[𝑓̂(𝑥, ℎ)]) → 𝒩(0, ∫ 𝐾 2 (𝑢)𝑑𝑢 𝑓(𝑥)). See Garcia (2020, [3]) for a mathematical proof and related
explanations.
7
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b. Value-at-Risk estimation with KDE
We can apply kernel density estimation to derive a non-parametric estimator of Value-at-Risk
(VaR). This estimator was first introduced by Gourieroux, Laurent and Scaillet (2000, [6]).
We consider a loss variable X, the distribution of which is unknown, and a corresponding
sample 𝑋1 , … , 𝑋𝑛 of size n. We start from the definition of the VaR and replace the unknown
density function 𝑓(𝑥) by its KDE estimate 𝑓̂(𝑥, ℎ):

ℙ[𝑋 < 𝑉𝑎𝑅𝑝 ] = 𝑝
𝑉𝑎𝑅𝑝

⟺∫

𝑓(𝑥)𝑑𝑥 = 𝑝

−∞
̂𝑝
𝑉𝑎𝑅

⟺∫
−∞

⟺

1
𝑥 − 𝑋𝑖
∑ 𝑲(
) 𝑑𝑥 = 𝑝
𝑛ℎ 𝑖
ℎ

̂𝑝 − 𝑋𝑖
𝑉𝑎𝑅
1
∑𝑮(
)−𝑝 = 0
𝑛
ℎ
𝑖

Where positive values of X represent losses and the VaR is expressed as a positive value
following the usual convention. We note 𝑓(𝑥) the true density function of X, K the kernel
function and G its cumulative counterpart8.
If we make the common choice of a Gaussian kernel, then we can simply replace G by the
normal cumulative distribution function (cdf).
Note that we cannot invert the last equation to obtain an analytical expression for the KDE
estimator of the VaR. Hence, the VaR estimate is usually obtained by solving the equation’s
root numerically, for example using a Newton-Raphson algorithm.
This estimator has several advantages over the usual historical simulation estimator:


It displays a lower Mean Square Error (MSE); although it inherits the non-zero bias
implied by the KDE approach, the kernel smoothing results in a lower estimator
variance9. This means that as long as the bandwidth parameter is adequately calibrated,
the KDE Value-at-Risk estimator is – statistically speaking – a better estimator than the
simpler historical simulation method.



Extreme losses (i.e. outliers) are better taken into account in the resulting VaR estimate.



The KDE estimator puts probability density mass10 on losses that have possibly not been
observed, resulting in a naturally conservative risk measure.

𝑥

8

i.e. ∫−∞ 𝐾(𝑢)𝑑𝑢 = 𝐺(𝑥)

9

See Chen (2005, [7]) for mathematical derivations of the expectation and variance of the KDE VaR estimator.

10

i.e. a non-zero probability
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The first two advantages are due to the KDE VaR essentially being an average of the simple
empirical quantiles around the VaR.
By construction, the KDE estimator of the Value-at-Risk is also free of any explicit parametric
assumptions11 on the shape of the true density function, making it a non-parametric
estimator. Indeed, as explained earlier on, the choice of the kernel function is not of
importance as long as the latter has satisfying statistical properties. This is a very desirable,
since it is generally known that financial returns exhibit skewed and fat-tailed distributions,
making many classical parametric assumptions inadequate.
To illustrate this idea, we will compare this KDE estimator to the widely-used normal VaR
estimator In the practical application hereafter (see next section).

11

Meaning the core method does not make any parametric assumption on the true density function. However, as explained in subsection 1.a, some bandwidth calibration methods (e.g. plug-in methods) do make use of parametric assumptions.
REACFIN S.A./N.V. PLACE DE L'UNIVERSITE 25 B-1348 LOUVAIN-LA-NEUVE (BELGIUM)
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2. CASE STUDY: ESTIMATING THE VOLATILE BALANCE OF NONMATURING DEPOSITS
In this section, we aim at directly testing the performance of the kernel density VaR estimator
in the context of volatile balance calibration of Non-Maturing Deposits (commonly
abbreviated NMDs). To do so, we will make use of simulated liquidity gaps data for savings
and current accounts, and compute common backtesting statistics to compare the KDE
estimator to classic methods.

a. Context
The volatile balance is the reasonable part of NMDs that can be withdrawn at short-term
notice by a bank’s clients under normal market conditions. For the bank, this means the
volatile balance is the proportion of NMDs volume that is not statistically predictable12.
Obviously, for a retail bank, measuring as correctly as possible its volatile balance is a critical
component of sound liquidity management. Typically, the bank will need to invest such volatile
balance proceeds in short-term, highly liquid paper so that it can cope with the potential
withdrawals of its clients.
However, a good estimation of the volatile balance of NMDs is also key to assess the interest
rate risks faced by the bank. It will thus have a key impact on its ALM practices.
For instance, several major European banks are known to commonly use a replicating portfolio
approach to measure the duration of their non-maturing deposits. It is particularly the case in
Belgium, as stated by Maes and Timmermans (2005, [8]). The underlying idea of these
methods is to invest the deposit balances into a virtual portfolio of fixed-income instrument
of various maturities, while ensuring the perfect replication of both the variation in deposit
rates (i.e. a stable margin) and the variation in deposit volumes over time. The duration of the
non-maturing deposits is then assumed equal to the replicating portfolio’s duration13.
However, the double embedded optionality in deposit accounts greatly complicates the
estimation of their sensitivity to interest rate risk. Indeed, on the one hand depositors have
the right to withdraw any amount of their accounts at any time, and on the other hand, the
bank has the right to modify the prevailing interest rates on its accounts as the economic
environment evolves. There is thus a fair amount of uncertainty as to how the value of a bank’s
deposits will change in response to a given shift in the market interest rates, as the reactions
of both the bank and its depositors are at least partly unpredictable.

12

See Wyle (2014, [9])

13

For more information on this replicating portfolio approach see Konings & Ducuroir (2014 [10]) freely available for download on
https://www.reacfin.com/wp-content/uploads/2016/12/140616-Reacfin-White-Paper-Banks-Replicating-Portfolio-Approach-forNon-Maturing-Liabilities-v1.0.pdf as well as Reacfin’s online demo available on
https://www.reacfin.com/index.php/portfolio/athena/
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Furthermore, and due to this optionality, the effective maturity of NMDs is unknown. This
prevents the use of classical methods to compute suitable duration estimates and thus calls
for techniques such as replicating portfolios.

When applying a replicating portfolio
approach, following EBA’s Interest
Rate in the Banking Book
guidelines14, banks should split their
deposit balances into core and
volatile balances. The latter are
assumed to be perfectly sensitive to
market interest rate changes, and
therefore need to be invested at all
times in short-term reinvestment
buckets. This is a way to constrain
the replicating portfolio so that the
resulting duration estimates are
more conservative, and realistic.

14

« Guidelines on the management of interest rate risk arising from non-trading book activities », EBA/GL/2018/02, European
Banking Authority, 19 July 2018
REACFIN S.A./N.V. PLACE DE L'UNIVERSITE 25 B-1348 LOUVAIN-LA-NEUVE (BELGIUM)
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b. Traditional methods to calibrate the Volatile Balance of NMDs
The calibration of core and volatile balances is typically done using statistical analysis. For our
case study, we focus on the Liquidity-at-Risk (LaR) approach, which applies value-at-risk (VaR)
estimation to the deposit accounts liquidity gaps series to obtain the volatile balance estimate.
This amounts to computing the expected liquidity outflow (as a percentage of deposit
amounts) at a given confidence level α (e.g. 1 − 𝛼 = 99%) over a given period (often one
month, or one week).

Figure 3. Illustration of the Liquidity-at-Risk (“LaR”) concept.

Note that, when implemented in practice, the liquidity flows data is often corrected for
foreseeable flows, such as loan reimbursement or fees, and sometimes for trends or seasonal
effects, so that these do not affect the Liquidity-at-Risk estimate.
Our experience shows that many European banks use relatively simple VaR methodologies to
estimate the volatile balance (e.g. historical simulation, or the normality assumption).
In this paper, we apply the Value-at-Risk estimator obtained through Kernel Density
Estimation, as derived in section 1.b, to estimate the Liquidity-at-Risk. We thus obtain an
alternative, non-parametric estimation methodology for the LaR, which stays relatively simple
to implement while providing more accurate and robust estimates of the volatile balance.
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c. Data description
In this paper, to illustrate our case study we use anonymized data from selected NMD
portfolios of several European banks. Note that these datasets (presented for illustration
purposes only) are relatively outdated so that the results presented in this paper should be
considered as valid benchmarks for the calibration of NMD’s Volatile Balance.
We start from actual data samples of weekly liquidity flows on both current and savings
accounts, which we adjust to avoid various biases. In particular, we remove any observed
trend in account volumes using multiplicative decomposition, and exclude the first weeks of
data on each account15. We then convert the volumes series into liquidity gaps series, i.e.
percentage changes in volume between weeks.
We fit an ARMA processes with GARCH innovations to these liquidity gaps series, first
determining the optimal model orders using the conventional statistics16, and then estimating
the coefficients using maximum likelihood. The table below summarizes the resulting model
parameters.
Table 1. ARMA-GARCH model specifications, for both current and savings account series. Parameter marked with
a hyphen are not part of the model.

data

a. ARMA model
𝜇
𝑅1

𝑅2

𝑅

𝑅

𝑅5

1

2

savings

0.002

-0.271

-0.224

-0.361

0.572

0.321

0.646

0.726

0.817

current

0.002

-0.158

-0.898

-0.409

-

-

-0.247

0.894

-

𝛼2

𝛽1

𝜈

data

b. GARCH model
𝜔
𝛼1

savings

0.000

0.522

-

0.477

3.479

current

0.000

-

0.155

0.651

6.347

For the ARMA specifications, 𝜇 denotes the model constant (mean). For the GARCH specifications, 𝜔 denotes the
variance constant (mean), 𝛼𝑖 the i-th lagged squared residual coefficient, 𝛽𝑖 the i-th lagged variance coefficient,
and 𝜈 the degrees of freedom of the Student-t distribution of model innovations.

Note that we arbitrarily opt for Student-distributed innovations to “force” both models to
display fat-tailed behavior.
Interestingly, the savings accounts liquidity gaps data appears to behave with more complexity
than the current accounts series, in three distinguishable ways. First, it shows stronger and
more lasting autocorrelation effects, visible in the higher order of both AR and MA
components. Secondly, it also displays stronger GARCH coefficients. Finally, the resulting

15

The first weeks of account volume data often show large inflows, either because the newly created product acquires its first
customer base, or because the accounts data is migrated to a new data management system.
16

The ARMA and GARCH specifications for both the current and savings accounts series were chosen based on (partial)
autocorrelation functions estimates and on conventional test statistics for the fitted models, namely the Aikake Information
Criterion, as well as Box-Pierce, Jarque-Bera and White tests on both the ARMA and GARCH model residuals.
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model residuals distribution has fatter tails, in that it has a lower number of degrees of
freedom (named 𝜈 in the table above).
The figure below shows typical simulated paths for both series with their respective models.

Figure 4. Examples of simulated paths for both the savings and current accounts models. Simulated series are
liquidity gaps in percentage of the total deposit volume.

Overall, this implies that the savings accounts liquidity gaps behaves with relatively more
complexity, making unconditional Value-at-Risk estimation more difficult – and possibly less
relevant. Indeed, stronger autocorrelation and volatility clustering effects will hinder the
accuracy of a point VaR estimate, since the latter fundamentally assumes that the liquidity
gaps distribution is stationary17.
In the quantitative tests we perform further on, we only estimate unconditional VaR, hence
we expect our estimates to be more accurate for the current accounts data than for the
savings accounts data.

17

The assumption of stationarity in a time series roughly implies that the underlying distribution of the random variable does not
vary over time – it can be seen as the time-series equivalent of the iid (independently and identically distributed) assumption.
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d. Back-testing procedure
Let us now describe the methodology we use to build a general comparison of the
conventional VaR estimators and the KDE VaR estimator presented in section 1.b.
First, we use the fitted ARMA-GARCH models described above to simulate a large number of
paths for each series. More precisely, for both the savings accounts and current accounts
series, 1000 paths of 1040 weeks, i.e. 20 years, of liquidity gaps are simulated. We use Studentt distributed innovations to do so, with the shape parameter defined as presented earlier on
in table 1.
We then compute out-of-sample18 VaR estimates for each path, using an estimation window
of 260 weeks19, i.e. 5 years, which yields out-of-sample prediction series of 780 weeks per
path. We do so using four estimators: historical simulation and normal VaR, which are simple
and widely used VaR estimators, and the kernel-density VaR estimator presented in section 1,
with both Silverman’s rule-of-thumb and the DPI approach to calibrate the bandwidth
parameter.
Finally, we apply conventional back-testing statistics to each out-of-sample VaR series, and
study the aggregated results by looking at the number of tests that do not reject the null
hypothesis.
This allows us to draw conclusions that are independent of the particular realization of a single
time series. We use two unconditional back testing statistics, namely Kupiec’s (1995 [11])
unconditional coverage test and its binomially distributed equivalent20, as well as
Christoffersen’s (1998 [12]) conditional coverage test.
As a reminder, Kupiec’s statistic tests whether the studied VaR measure actually produces the
correct number of exceptions, i.e. losses higher than the VaR. In our case, with a Liquidity-atRisk at 99% and back-tested over an out-of-sample series of 780 weeks, a perfect estimation
method would produce 7.8 exceptions in total. If the actual number of exceptions deviates
too much from this number, the Kupiec test will be rejected, indicating a flawed LaR measure.
Christoffersen’s statistic, on the other hand, tests the independence through time of
exceptions, meaning it will fail when observed exceptions are clustered together. As such, a
LaR measure will pass Christoffersen’s test if it adapts quickly enough to new information, e.g.
recent and large losses. In our case, since we use unconditional estimation methodologies, i.e.
not filtered models giving higher weight to recent observations, we expect Christoffersen’s
test to be rejected a relatively large part of the time. The fact that the data exhibits clustering
effects will also deteriorate the results obtained on this test.

18

An out-of-sample estimate is any statistic estimated on a given sample, but used (e.g. for prediction) outside of that particular
sample, usually in its future. Here, we use samples of 260 weeks of liquidity gaps to estimate the VaR, and use that estimate as a VaR
prediction for the next week (i.e. the 261st week).
19

We use this particular estimation window so that it is shorter than the usual 10 years recommended by BCBS’ IRBB, with the aim of
testing the robustness of Value-at-Risk estimators in smaller samples. Still, the sample size of 260 weeks appears large enough to
avoid common small-sample biases. Note that changing the window size to 130 or 520 weeks does not meaningfully affect our
conclusions.
20

Kupiec’s (1995) unconditional coverage test is actually a normal approximation of the binomially distributed equivalent.
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e. Analysis of results
The table below shows the percentage of passed, i.e. non-rejected tests for each Value-at-Risk
estimator and each back-testing statistic, at the specified confidence levels.
Table 2. Aggregated back-testing results across all simulated series. The percentages give the proportion of pvalues for a given test statistic and VaR estimator that are above the corresponding confidence level.
a. Savings accounts data
Binomial
conf.
HS
N
K_SVM

K_DPI

HS

N

Kupiec
K_SVM

K_DPI

HS

Christoffersen
N
K_SVM

K_DPI

1%

25.8%

72.4%

86.3%

83.8%

33.4%

76.3%

90.7%

89.1%

53.7%

46.3%

55.9%

56.8%

2%

25.8%

72.4%

86.3%

83.8%

33.4%

73.1%

90.0%

89.0%

48.6%

43.0%

51.6%

52.2%

5%

19.2%

63.7%

78.0%

75.5%

19.2%

60.7%

76.9%

75.2%

41.4%

35.3%

42.9%

44.6%

10%

14.0%

54.8%

69.4%

68.3%

14.0%

54.8%

69.4%

68.3%

34.6%

29.9%

34.7%

37.2%

b. Current accounts data
Binomial
conf.
HS
N
K_SVM

K_DPI

HS

N

Kupiec
K_SVM

K_DPI

HS

Christoffersen
N
K_SVM

K_DPI

1%

38.1%

87.7%

94.2%

94.3%

45.0%

90.7%

96.1%

96.9%

100.0%

99.9%

99.9%

99.9%

2%

38.1%

87.7%

94.2%

94.3%

45.0%

88.8%

95.7%

96.5%

99.9%

99.9%

99.9%

99.9%

5%

30.9%

80.8%

89.6%

91.3%

30.9%

77.8%

89.3%

90.9%

99.7%

99.4%

99.5%

99.6%

10%

22.9%

71.7%

83.4%

85.9%

22.9%

71.7%

83.4%

85.9%

98.3%

98.5%

98.5%

98.3%

Regarding the VaR estimators used, HS stands for the historical simulation estimator, N for the normal estimator,
K_SVM for the KDE estimator with Silverman’s rule-of-thumb for the bandwidth, and K_DPI for its equivalent
with a DPI-calibrated bandwidth. Percentages in bold indicate the VaR estimator having the highest number of
non-rejected tests.

We observe that both kernel-density estimators perform better overall, compared to the
historical simulation and normal estimators. Indeed, for both KDE estimators and when taking
the conventional 5% confidence level, approximately 25% of Kupiec tests are rejected for
savings accounts data, while this figure goes down to around 10% for current accounts data.
There appears to be little difference in the performance of both KDE estimators, which implies
that in this particular context, both the bandwidth calibration methods we consider yield
similar results21. This may be due to our using Student-distributed innovations, which should
then behave similarly to a normally distributed random variable except for fatter tails. Hence,
the normality assumption we make when using Silverman’s rule-of-thumb to estimate the
bandwidth may not be “too inadequate”. However, this observation – in this particular context
– should not preclude the use and comparison of multiple bandwidth calibrations methods.
As expected, we observe that all the considered VaR estimators perform better on current
accounts data. In particular, Christoffersen’s conditional coverage test is almost never
rejected, while it is rejected at least 45% of the time for savings accounts data, taking the
conventional 5% confidence level. The strong volatility clustering effects embedded in the
modelling of the savings accounts data are of course responsible for this observation. We also

21

Upon looking at the bandwidth series obtained using both calibration methods, we observe that most of the time Silverman’s ruleof-thumb yields bandwidth estimates that do not deviate more than 20% from the DPI estimates.
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believe the same effects are responsible for the lower performance of all VaR estimators on
unconditional coverage tests, since it makes the principle of unconditional VaR estimation less
relevant (cf. section 2.c).
Of course, better results could be obtained on Christoffersen’s test for savings accounts data
by using filtered VaR estimators, i.e. by adjusting the out-of-sample VaR estimates to the
estimated conditional volatility; however, this is not relevant in the context of volatile balance
estimation, where a long-term VaR estimate is needed22.
Somewhat surprisingly, the historical simulation method yields quite poor results, being
rejected by the Kupiec test approximately 80% and 70% of the time, for savings accounts and
current accounts data respectively, at the conventional 5% confidence level.
When looking at out-of-sample VaR series obtained with this estimator, we observe that it
systematically underestimates the true Value-at-Risk, resulting in a too high number of
exceptions. On the other hand, the normal VaR estimator performs well, although it appears
less performant than both kernel-density estimators do. When looking at out-of-sample
estimates, it appears the normal VaR is not very reactive23 over time, but tends to
overestimate the true liquidity gap quantile slightly, resulting in an acceptable number of
exceptions in most cases.
The table below illustrates these observations by summarizing the Kupiec test results
depending on the number of encountered exceptions.
Table 3. Number of out-of-sample VaR series for which the Kupiec test is rejected at the 5% confidence level,
either for displaying too few (less than 4) or too many (more than 13) exceptions.

limits
𝑛𝑒 < 4
𝑛𝑒

13

a. Savings accounts data
HS
N
K_SVM

K_DPI

b. Current accounts data
HS
N
K_SVM

K_DPI

0

114

27

4

0

67

8

9

808

279

204

244

691

155

99

82

The acronyms used to designate the employed VaR estimators are the same as in Table 2. On the left-hand side
of the table, 𝑛𝑒 stands for the number of exceptions, i.e. the number of times where a liquidity gap is larger than
the out-of-sample Value-at-Risk. We obtain the upper and lower limits on the number of exceptions through the
common traffic lights approach.

We observe that all VaR estimators tend to fail the Kupiec test by displaying too many
exceptions, rather than too few, which implies a recurrent underestimation of the true Valueat-Risk. We conjecture that this is again due to the peculiar characteristics of the underlying
data, both the autoregressive behavior and the volatility clustering effects.

22

Indeed, the volatile balance is a parameter that must ideally stay constant through time, although in practice it is periodically reestimated, e.g. yearly. As such, a short-term accurate prediction is not relevant, rather, an estimated value that stays valid in the
longer term is needed; hence unconditional estimation is more appropriate.
23

Meaning it does not adapt quickly or adequately enough to new information, i.e. large liquidity gaps, which we expected given the
parametric assumption of normality.
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3. CONCLUSIONS
Our analysis reveals that Kernel Density Estimation (KDE) can be successfully applied to
estimate the lower quantiles of liquidity gaps series for non-maturing deposits. In particular,
the kernel-density Value-at-Risk estimator shows better behavior and consistency than the
historical simulation or normal-fitted estimators, which are routinely used in the European
banking sector. Moreover, the KDE estimator does not need to make explicit assumptions on
the shape of the true density distribution, which is especially interesting when working with
unconventional distributions.
Overall, Kernel Density Estimation enables to preserve some of the benefits of empirical
“frequency-based” modelling while enabling to capture some of the benefits of the
“theoretical distribution-fitting approach”.
Whether in this case study considering the calibration of the volatile balance of NMDs, or for
the estimation of other quasi-random variables in finance, Kernel Density Estimation proves a
relevant option to increase the robustness of models. However, as our out-of-sample testing
results hints, the benefits of KDE, while observable, may prove more limited than what its
calibration based on time series suggests. As always in finance, one cannot outsmart the
unpredictability of markets. It remains key to consider the results critically and regularly
ensure that the actual effectiveness of the method remains consistent over time.
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4. HOW CAN REACFIN HELP?
As a specialized consulting firm, Reacfin has gained, over it more than 15 years of existence, a
robust experience in the development of Risk, Actuarial Science, Data Science and
Quantitative Finance solutions for financial institutions.
In the context of designing and implementing IRRBB solutions for banks, we regularly develop
models to assess interest rates risks related Non-Maturing Deposits (“MND’s”) such as static
or dynamic replicating portfolio approaches.
Recently a for a retail bank we reviewed
the how they assessed the volatile
balances of their NMD’s, considering
robust segmentation of these products
for behavioral characteristics of their
depositors. We further redeveloped
their models to assess Interest Rates
sensitivities of such NMD’s and
proposed related hedging strategy.
In the context of this mission,
Reacfin not only proposed the
modeling methodologies but also
developed the related automated
tools, designed the required
reporting
requirements
and
proposed practical adaptation of
the ALM and risk process for an
optimal use of the new solution.
As a result, our client could
optimize its duration assumption
on NMD, resulting on more
efficient hedging strategies and
noticeable increase of their Net
Interest Income. By implementing
our solution, the bank also
simultaneously addressed the
recommendation of its supervisor
to further its overall management
of interest rates risks.
We propose on our web-site a free demo of our basic static replicating portfolio tools
(“Athena”). Feel free to test it on https://www.reacfin.com/index.php/portfolio/athena/24.

24
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Next to our consulting missions, under the brand Reacfin Academy,
we also propose specialized professional education services in Risk
Management, Finance, Actuarial Science and Data Science. Reacfin
Academy proposes both online and on-site training services
including courses on standard theory, new methodologies, use
cases workshops, and exercises.
Reacfin Academy offers a unique mix of academic expertise & pedagogy and real-life
practitioners’ experience. Many in our staff indeed combine their professional career with
lectures on Finance, Risk & Portfolio Management or Actuarial Science in highly reputed
universities. As a result we propose comprehensive & hands-on training designed to be
directly useable and deliver short-term measurable value.
You will find more information as well as free online courses and webinars of Reacfin’s
website, in particular on: https://www.reacfin.com/index.php/reacfinacademy-2-2/25

More generally, Reacfin offers a wide range of modeling of services for the modeling, the
calibration, the review and the validation of models for banks, insurances and other financial
institutions as illustrated by some of recent Research White Paper. Make sur to consult papers
such as:






For Banks:
o

Comparative backtesting of the Expected Shortfall

o

Replicating Portfolio Approach to Determine the Duration of Non-Maturing
Liabilities: Case Study

o

Retail Deposit modelling

o

Practical case-study for the modeling of LGD using Machine Learning
techniques

For Insurance Companies:
o

Limitations of the Volatility Adjustment under Solvency II

o

Lapse rate models in life insurance and a practical method to foresee Interest
Rates dependencies

For Financial Institutions more generally:
o

Panorama of stochastic models for Real World simulations in Finance

o

Modeling negative interest rates with Free Boundaries SABR

We look forward to discussing with you how our expertise can be of added-value to your
company.
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6. ABOUT REACFIN
Reacfin s.a. is a Belgian-based consulting firm specialized in
• actuarial science,
• risk,
• portfolio management and
• data science.
We develop innovative solutions and robust tools for Financial institutions.

The company started its activities in 2004 as a spin-off of department of statistics and actuarial science of the
University of Louvain.
In its early days, we focused on actuarial consultancy services for Belgian Pension Funds, Insurance Companies
and Mutual organizations. Rapidly, in the following years, we expanded our business internationally and
broadened our scope of services to Risk Management, Quantitative Finance, Portfolio Management and Data
Science for Financial Institutions in the broader sense (i.e. including banks, asset managers an Financial Market
Infrastructure companies).
Spread over its 2 offices in Louvain-La-Neuve and Luxembourg, Reacfin employs today about 30 consultants
most of which hold PhD’s or highly specialized university degrees.

Over the years we have now served in excess of 150 different financial institutions, the vast majority of which
are recurrent clients, which we see as the most convincing indicator of our clients satisfaction.
Missions we regularly perform consist of models design, developments & deployment, model validations,
definition of risk- & portfolio management policies, organization & governance advisory, strategic asset
allocations or specialized management consulting with regard to Risk & Portfolio management problems.
We articulate our offer along 3 brands:
Technical advisory in model development, deployments, validation and maintenance.
Specialized consulting in Financial Institutions organization, governance and business strategy
Tailored computational solutions designed and developed to integrate smoothly into your
company’s systems and processes (incl. open-source offerings)
Combination of On-Site and On-Line Executive Education solutions including theoretical and
methodological concepts, real-life case studies and exercises

Reacfin’s management puts great emphasis at sharing and embedding our driving values within the company :
We attract the best
people

We develop their skills
and career through
diversified missions and
rigorous knowledge
management
We go the extra-mile to
deliver the best quality in
our work & services

By acting as a bridge
linking academic
excellence with best
market practices, we
select the latest
research that best
serves our clients
Through out of the box
thinking, we apply
state-of-the-art
techniques that offer
our clients pragmatic
added-value solutions
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We put work ethics,
client's best interest
and confidentiality as
the foundation of our
work
We commit at
promoting the greatest
transparency and
knowledge sharing in
all our clients’
solutions

22

We are dedicated at
clearly understanding
the needs of our
clients

We develop
sustainable
partnerships with our
clients

We deliver solutions
that produce
measurable value

We never compromise
on our commitments
including level of
quality, budgets &
deadlines

Our deliverables are
tailored and actionable
solutions to our
clients’ challenges

All our deliverables are
designed, developed
and tested to last over
time with constant
efficiency
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7. CONTACT DETAILS

Xavier Maréchal
Managing Partner
xavier.marechal@reacfin.com

François Ducuroir
Managing Partner
francois.ducuroir@reacfin.com

Feel free to check our online resources for more information and free material on www.reacfin.com
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Reacfin s.a. is a Belgian-based consulting firm
specialized in actuarial science, data science, risk
& portfolio management.

We develop innovative solutions and robust tools
for Financial Institutions.

As a spin-off of the University of Louvain we maintain
strong ties with the latest academic research.
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